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Exterior / Grassmann Algebra

Wedge product

« Combines dimensions that are present
 Add grades of operands

 Repeated vectors give zero:

ana=>0

 Antisymmetric on vectors:

aAb=-DbAa
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Exterior / Grassmann Algebra

Duality means every product has an antiproduct

Antiwedge product V
« Combines dimensions that are absent
- Adds antigrades of operands
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Geometric Algebra

Geometric product

« Includes wedge product
* Plus more information
 For vectors:

ana—aea

« Duality means there is a geometric antiproduct V
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Exterior / Geometric Algebra

Wedge and antiwedge products perform
geometric manipulation

« Join objects into higher-dimensional objects
« Intersect objects at lower-dimensional objects
* Project one object onto another object

Geometric products and antiproducts perform transformations
« Rotations, translations, reflections, inversions
« Dilations (scales), conformal transformations
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Bivectors




Trivectors

arnbAac bAarcAa

cAbAaa ancADb
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Pascal’s Triangle
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Rigid Geometric Algebra

Projective algebra with one extra dimension

Contains points, lines, planes

Can perform rotations, translations, screw transformations
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Grade / Antigrade

Basis o R e
Elements : s |

Vectors

(¢~
.
1

]

€y =€, A€y

e31 :e3 VAN el

612 = el /\62
Bivectors 2/2
€43 =€4 NECy
€Hp =€4 NEH

€4 =€4 N €

6321 :e3 /\62 VAN 61

Trivectors / €40 =€ NE€E; A€,

B B NN jEEmpEmml §

[ 1D B [ BN (BN s I .
___pumml  BEEEmEmmml fmmml B BEEmmE B
BN BN [ | | B BN B

Antivectors €431 = €4 N €3 NE 371
€3 =€4 NEY NE3 DIII
Antiscalar 1=e Arne, Ane; A€y 4/0 IIII
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Complements

Complement inverts dimensions

For basis elementsa, aAa=1 ana=1

Basis element a 1 €, | e, | €3 | €4 | ex | €3] €r | €43 | €an | €41 | €301 | €a1p | €a31 | €45 1
Right complement a T |ess| €31 | €n| €30 |—€4|—€pn|—€u3|—€n|—€5|—€x]—€,]| —€5]—€,] —€;,| 1
Left complement a €423 7€431 | 7€412| €301 | T€41 | T€a2 | =€z | —€n | €3, | —€x3] €4 | €3 | €5 | €
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Homogeneous Coordinates

Yo p=(pe,pysDes D)

7

W}/w 4%/

—>
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Plucker Coordinates




Planes
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Bulk and Weight

Bulk of element a.

de All components without factor of e,.

l,e,e,,e;5,e5,€;3,€,€5

Weight of element a.
Ao All components with factor of e,.

€4,€4,€4,€43,€43,€431, €4, 1
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Bulk and Weight

Bulk contains positional information
« Distance from origin

Weight contains directional information
* Line direction
* Plane normal
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Point

A 4D vector is a point
« Grade 1

P=ps€tpy€+p.€3+ p,€y

Pe = px€1 + p,€ + p.€;3

Po = Pw€y
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The Origin

The origin is a point with no bulk
« Homogeneous coordinates (0, 0, 0, w)

P=pPw€s
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Line

A 4D bivector is a line
e Grade 2

[ =1, e4 +1,es+ 1] €435+, €5 +1,,€3 +[,. €,

le = lmx €3 + lmy €31 + lmz €12

lo =1 eq +1,, €4 +1, €4
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Plane

A 4D trivector is a plane
 Grade 3

E2=gx€4031+g,€431 T 8-€4120 + Z1w€321

2e — 8w €321

go = 8x€423 T £,€431 T Z-€412
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Points at Infinity

A point with zero weight is a point at infinity
« (Can be interpreted as a direction vector

P=pc€ +p,€+ p.€3
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Lines at Infinity

A line with zero weight is a line at infinity

« Contains all points at infinity in directions parallel
{0 moment

l = me €3 + Zmy €31 T lmz €12
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Lines at Infinity

o0
l — lmx €13 + lmy €3 + lmz €2
o0
| — >
m
o </
o0
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The Horizon

The plane with zero weight is called the horizon
« Contains all points at infinity

2 = &w€321

The origin and horizon are duals of each other
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Bulk and Weight

If the bulk is zero, then the object contains the origin
If the weight zero, then the horizon contains the object

Ratio bulk/weight is 3D magnitude, distance from origin
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Norms

There are two dot products and two norms

Bulk norm lal|, =+/a<a

Weight norm  |[af, =+/ac-a




Reverses

There are two reverse operations

Reverse a, reverses multiplication order of vectors
under wedge product

Antireverse a4, reverses multiplication order of antivectors
under antiwedge product

Generalization of conjugates
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Norms

. Plle =+pi +pi +p] —~ pl+pl+p? . . .

Point p Ip|l= o Distance from origin to point p.
Plo=[p.|1 4%
L .:\/mf+my2+m22 . w2+ m> +

Line L \/ IL|| = \/ S Perpendicular distance from origin to line L.
L|,=1yvi+v) +v. Ve TVy TV,
flq= |fW| B |fW| . . .

Plane f \/ |f||= \/fz I Perpendicular distance from origin to plane f.
fllo =0/ "+ +1 x tJy tJ:
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Duality

homogeneous point

/ (pes2ysP-> D)

homogeneous plane
(pes2ys Do D) X

22+ (2)
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Duality

Every object is really two things at once
 One thing in space
« The dual of that thing in antispace

When any operation is performed, something happens
in space, and something else happens in antispace
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Join Operation

Formula Ilustration
Line containing points p and q.
PAQ=(Pugx = Pxqw) ea +(Pyq: — p=q, ) €23 q

+(Pwdy — Pyqw ) €s2 +(P:qx — D:q: ) €31
+ (pqu — P:zqw ) €43 +(pqu —Pyq«x ) €12

/I)./M
PAq

Plane containing line / and point p.

IAp = (lvypz ~L.py + e Dy ) €423
+ (Lo Py —Lups + 1y pw) €431
T (lvxpy =Up/Brs T Ui P ) €412
= {( s/ 3 Gy 2 U0 ) G

IAp

/ .p+l
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Edge Extrusion

The wedge product of a point

and an edge’s line is the plane
extruded away from the point
through the edge

 Portals
« QOccluders
« Shadow regions
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Meet Operation

Formula

Illustration

Line where planes g and h intersect.

gVvh= (gzhy _gyhz)e41 +( gl —gwhy ) ens
+ (gxhz _gzhx)e42 +(gth _gwhy)e31
+(gyhs _gxhy)e43 +(g-hy —gwh: ) en

gVh

Point where line / intersects plane g.
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Line Crossing
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Ray Passes Through Triangle

Check that ray passes on same side of all three edges

Translate so that one vertex is at origin to optimize
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Connect Operation

Connect constructs the object containing one object
and orthogonal to another object

Uses weight complement of one object to extract
directional information
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Formula Ilustration

C o n n e Ct Line perpendicular to plane g and containing point p. l
p
go AP =(g,P: —g:Py)en /
80 : —l 7

+(g.px—gxP: ) €31

Operation e e s

— &xPw€s1 — 8y Pw€s2 —&:Pw€43

Plane perpendicular to line / and containing point p.

I_O/\p = _lvxpwe423 _lvypwe43l _lvzpwe412 / L
oD 7

+ (L px +lypy +12p:2 ) €321

A
Plane perpendicular to plane g and containing line /. a0 Al
@)

go N :(gzlvy_gylvz)e423 l
50 7

(gx vz — 8z vx)e431 / — 7

[
( ) €412 5
~ (&

mx +gy my +gzlmz )e321
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P r o - e cti o n s Projection of point p onto plane g.
Y
j (goAp)ve=(gi+gr+gl)p T
—(8xPx+8yPy +8:P: +8uwPw) (80118 €2+ g:83) g

L

Y
/
—>

Projection of point p onto line /.

(lo AP)VI=(Lupc+lyp, +1.p.)V
+ (Ll =Lizlny ) Pues
+ (Lol = Lixlnz ) per
+ (Licly =Lyl ) Do

+ (lfx +1, +lv22)pwe4

Projection of line / onto plane g.

(go Al)vg:(g)%+g)21+g22)(lvxe41+lvye42 +1,.e43) l ]

( w€x +hy 8y +lvzgz)(gxe41 +g,es +gze43)

( mxgx+lmygy+lngz)(gxez3 +gy631+gzelz) U
(1

(1

vygz - vzgy ) w€23 +(lvzgx - vxgz ) w€31

+
_|_
+ vxgy vygx)gwe12
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|
A n t I Antiprojection of plane g onto point p.
|

(PoVeE)AP=pi (greis+g es +g.eu2)
Projections

—(g«px+g,py+8:P:) Pwes

Antiprojection of line / onto point p.

(p_OVl)Ap = pvzv (lvxe41 +lvye42 +lvze43)

[
—>
+ (lvzpy _lvypz ) Pw€23
+ (lvxpz —l.p.) Pues \

+(lvypx_lvxpy)pwe12 p

v

Antiprojection of plane g onto line /.

(l_ng)/\lz(lvzx+lV2y+lv22)(gxe423+gye431+gZe412) "«
_(lvxgx +lvygy +lvzgz ) (lvx €423 +lvy €431 +lvz e412) \'/
+ 8« (lvzlmy _lvylmz ) €321 \

+ gy (lvxlmz - lvzlmx ) €321

+ 8: (lvylmx _lvxlmy ) €321
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Formula Interpretation

Euclidean T

points p and q.

2
V@20 =2V 4 (6300 = s +(4:Pw = P2 )’ +] pug |1 q

Distances L

Perpendicular distance d
between point p and line /.

\/(lvypz _lvzpy +lmxpw )2 +(lvsz _lvxpz +lmypw )2 +(lvxpy _lvypx +lmzpw )2
p

+]1\/pfv(lv2x+l‘zy+lfz) J

Perpendicular distance d
between point p and plane g.

|Pegs+ Py, + poge + Pugu| +14 P2 (g2 + 83 +22) ] p

W]

Perpendicular distance d
between skew lines k and /.

|lvkax +lvykmy +IVkaZ +kvxlmx +kvylmy +kvzlmz| k

+ ]1\/( lvykvz _lvzkvy )2 + (lvzkvx _lvxkvz )2 + (lvxkvy - lvykvx )2
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Geometric Product

Traditionally implied by juxtaposition

However, there are two products, just like wedge/antiwedge

We use notation A and V for geometric product
and geometric antiproduct

“"Wedge-dot” and “"Antiwedge-dot”
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Geometric Product

For geometric products, we define a metric:

el/.\elzl el\'/elz]l
e2/.\62=1 62\7322]1
33/-\33:1 63\763:]1

34/-\34:() 34\794:0
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Geometric Product

Sandwiches with geometric product or antiproduct
perform transformations

Motor = MOtion operaTOR

Flector = reFLECtion operaTOR
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Motor

General form of a motor

Q — va €41+ va € + sz €43 + va]1 T me €3 + me €31 + sz €+ Qmwl

Performs any combo of rotations and translations
 Proper Euclidean transformations
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Flector

General form of a flector

F = prel +pre2 +sze3 +pre4 +nge423 +ng6431 +nge412 +Fgwe321

Performs any combo of rotations and translations
plus an odd number of reflections

 Improper Euclidean transformations
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Flector




Motor Transforming Point

Can be reduced to 33 multiply-adds, or 30 mads if p, = 1

Q \4 p \4 Q = |:(1 o 2Q§y o 2Q\gz )px + 2(va vy szva)py + 2(szch + vava)pz + 2(vaQmZ o szme + vame _ vaQmw)pw :| €1
+ :(1 _ 2Q§Z o 2Q§x ))py + Z(vasz _ vava)pZ + 2(vava + szva)px + 2(szme - vasz + vame - vaQmw)pw : )
| (=205 =205 V. + X0Dr =05 D)2 == XDy D == DD )8y =+ 20Dy = oD+ DD =Dty |5

+pwe4

3x4 matrix transforming point only needs 12 mads,
or9 madsifp, =1
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Motor Transforming Line

Can be reduced to 63 multiply-adds

Q vIv Q = I:(l - 2Q§y - 2szz )lvx + 2(vava - szva)lvy + 2(QVZQWC + vava)lvz ] €41

+

+

+

[(1-20% =200, + 204 0sz = 0Oz +2(00sOsy + 000 s | €42
| (1-20% =20k + 2(002 00 = QO ox + 20Oz + QO )y | €3
| —4(0y Oy + Qv Mo + 2(Quy O + QO = Qoo = Oon Qi sy + 2 Qo0 + Qo + Qo O+ OOy Moz + (1 =208 =20 Mo +2(QuseQuy = Oz Qo Yy + 2(Qiz v + Oy QoY | €23
[ 40120z + 00Oy +2(01z 0y + Qo Oz = O o = Qoo Mz + 2(Qu Oy + iy O + Qi O + O O Y + (1= 208 =208 Moy + 2Dy Qr: = QuxOon Ve + 2o Quy + 0O Ve | €31

:_4(vame + vame )lvz + 2(vasz + szme - vaQmw - vame )lvx + 2'(vasz + szme + vaQmw + vame )lvy + (1 - fox - 2Q3y )lmz + 2(szva - vava)lmx + Z(vasz + 2vava)lmy :I €12

3x4 matrix transforming parametric line only needs 21 mads
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Motor Transforming Plane

Can be reduced to 39 multiply-adds

Q VgV Q - I:(l — 2Qv2y _ 2Q§z)gx + Z(vava _ szva)gy + 2(szva + vava)gz :| €423
+ :(1 _ 2Q\%Z o 2Qv2x )gy + 2(vasz - vava)gz + Z(vava + szva)gx : €431

+ :(1 B 2Q3x - 2QV2)’ )gz + 2(szva o vava)gx + Z(vasz + vava)gy : €412
+ :Z(vasz - szme + vaQmw - vame )gx + 2(szme o vaQmZ + vaQmw — vame )gy + 2(vame - QVmex + szQmw _ vasz )gz + gw ] €321

3x4 matrix needs to be inverted (9 mads, 3 negs for ortho),
then 12 mads to transform plane
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Motor to Matrix

M=A+B M '=A-B

_1 o 2(szy + Q\gz) 2vava 2szva 2(QVmeZ - szme ) ]
Aol 2020y 12200400 20,0: 200w~ 0uOn:)
2szva 2vasz 1 o 2(Q3x + Q\%y) 2(vame T vame)
] 0 0 0 1 )
[ 0 _2sz va 2vava 2(vame o vaQmw) 1
B = 2szva 0 _szvaw 2(vame o vaQmw)
_2vava 2vava 0 2(vasz o szQmw)
0 0 0 0 |
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Motor Composition

Multiply motors together, 48 multiply-adds

RVQ-=
_|_

OwRyx + O Ry — Oy R, + O R, ) €41

OwRyy + O R, + O R, — O R, ) €4

OwRy; —OnR,, + O R + O, R )943

OB = O Ry = Oy Ry = OiR,. ) 1

Ot = Ul ley = iR A DBy = Wiy = Dol = Ul e 7 DSy ) €23
Oty Qi = Ol = Crlie = Uy Dol = Chp By =Dl |
)
)

_|_

+
®

31

_|_

Qmw vz meRvy + meva + QmZva + va mz vaRmy + vaRmx + sz mw ) €12
Qmw vw meva o mevay o szsz + vame o vaRmx o vaRmy sz mz 1

_|_

(
(
(
(
(
(
(
(

Composing two 3x4 matrices needs 39 multiply-adds
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Matrix Advantages

Faster to transform objects

Faster to compose

Can read off origin and axis directions in transformed space
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Motor Advantages

Smaller storage requirements
« (Can get down to six floats

Inversion trivial
« It's just the reverse

Interpolates nicer

De-orthogonalizes slower
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Reciprocal Transformations

Sandwich with geometric antiproduct preserves horizon
Sandwich with geometric product preserves origin
Two transformations always happening simultaneously

Switching products swaps operations happening in
space and antispace
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Reciprocal Rotation

When rotation happens in space, a reciprocal rotation
happens in antispace

Dual of rotation axis preserved
Line through origin parallel to rotation axis preserved

Points follow orbits of constant eccentricity with respect to
directrix given by dual of rotation axis
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Reciprocal Translation

When translation happens in space, a reciprocal translation
happens in antispace

Performs perspective projection!
Translation distance corresponds to focal length

Unfortunately, doesn’t project in the way needed by GPUs
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o : Geometric : : . Geometric :
ransformation A= = v
| |
| ' ' I
| RE (n) : | E(n) ;
I ' : I
| |
: Reciprocal | Muxn 0 : | Euclidean m,, t |
roups m=] e
: - :
I ' ' I
_____ I/______\____J______ T T T TN
RSE (n /\ =a \/ SE (n)
Reciprocal 0 . t
- Special L
Special 1} O(”) Euclidean { 0 J
Euclidean

i Orthogonal |:m(';xn l i
RT 5 l T(n) i

Reciprocal
Translation SO ( n )
Special oo 0
Orthogonal 0 1
i 'r

i { 1(n) } i
: L, 0]
: Identity [ 0 1:| :

/_____________________________\

—————————————————— [

__________________
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Conformal Geometric Algebra

Projective algebra with two extra dimensions

Contains all of rigid geometric algebra
« Flat points, lines, planes
« Rotations, translations, screw transformations

Has same projection as RGA, plus another
stereographic projection
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Conformal Geometric Algebra

Contains round points, dipoles, circles, spheres

Can perform dilations, inversions in spheres, and all the
conformal transformations derived from those
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The



Origin and Infinity

Five basis elements

Origin = €4

Infinity = e;




Object Types in CGA

Flat Object Representation
Flat point p ®

Line [ /
Plane g
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Round Object Real Imaginary
Round point a @ @
/. I‘
Dipole d o I
4 .l
Circle ¢
Sphere s




Joining
Points




Flats

Flat Point p

(Bivector) @
oD

Flat Line /

(Trivector)

1D

Flat Plane g

(Quadrivector)

2D

P = px€i5s t py€rs+ p.€35+ P €ys

I=1,e4s+1,€4s+1,€4s
Ll + Loyl + 12l =0
+ Ly €235 + Ly €315 + - €105

g =gx€4235 T £,€4315 T £:€4125 + Z1w€3215

Dual P’ =—pies —Py€315 — P-€12s + Py€321 Dual I" =1 e+ [yes1+1,e+ €5 +1,,e5+1, €35 Dual g =-g.¢€ —8y€2—g:€3+g,€s
Attitude att(p)=pVess = p.es Attitude att (I)=1Vey s =/, e5+1,e+1,e;s Attitude att(g)=gVes s =g.€xns+ g, €35+ g, €25
Flat Bulk Pm = pi€is+ P, €5 + p.ess Flat Bulk lm = lyn€235 + 1y €315 + 1. €105 (moment) Flat Bulk Sm =2,€305 (position)
Flat Weight | po = p..eys Flat Weight I =1, e45+[,ess+1, €45 (direction) Flat Weight | go = g.€435 + g €4315 + g.€4125 (normal)
Position Pla \/pﬁ +pas+pl Position e \/l,ﬁx + Ly + 1o Position g/l :\/ gw
Norm Ipls P Norm [ty N o+ +12 Norm el Ver+gy+a:
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Round Point
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Round Point a r2>0 B
a=p.e +p,e+p.e;+ey
(Vector) , , )
p +r p = position
r* <0 2 r =radius
Attitude
a=a,e +a,e,t+a.e;ta,.es+a,es
att(a)=ave
Carrier Point Infinity B ( 1 S
(whena, =a, =a. =a, =0) =day

cen(a)=—acr(a)va

Center 5 (identity)
=a,a,e€ +a,a,e, +a.a,e; +a,e,+a,a,es
. con(a)=car(a) Aa
Container 5 s 4 o
=—a,€1234 TAxA,,€4035 +a,0,,€4315 +A.A,,€4125 T (awau —ay —a,—da; )63215
£
Dual a =-0a,€234 Ta,€435 +a,€4315 T A;€4125 — A, €3215
Carrier car(a)=aAes =a,e;5+a,e +a,ess +a,es (flat point)
Anticarrier | acr(a)=a"Aes=-a,1 (volume)
Round Bulk ¢ =a,€ ta,e, +a.e; Center ”a”O a? +a§ +a?
: - 2
Round Weight | ac =a,.ey4 Norm |allo a,
Flat Bulk A =a,€s Radius | [al|, \/2awau a’— ai —a?
Flat Weight | ag =0 Norm | ||| ay

#GDC23




Dipole

Dipole d
P o d=n.e4 +n,e4 +n.e4 +(19y”lz —Pz”ly)ezs +( p:hy — pihiz ) €3 +(Px”ly _pynx)e12 p=(p., py, p- ) = center
(Bivector) R ) 5 o
. n=(n,,n,,n,)=direction
0' p + r y
1 D P +(p-n)(p.eis+ pyers+ p.ess +e45)——2 (n.e1s +n,ems +ness) - — radius
Anticarrier Normal Anticarrier Position Anticarrier Container dyd,, —d .d,, —dpd,, =0

d podyy —d ped,, —d pyd,y, =0
d pydyy —d pyddye = d e =0
Ayl + d oy +d ol =0
s + Aoyl +doly: =0

d=de4 +d,ep+d.ep+dyentdyes+d,ent+dyes+d,es+d,es+d,ess

Carrier Line Flat Point
(When dvz = d\;y = dvz =5 dmx = dmy = dmz = O)

Center cen (d)=—acr (d)Vd=(dydy: —ddyy, +dyud ) €1 +(d ol = dudy: +doyd ) €+ (dydyy —dyydy +dod ) s +(do+dyy + 5 ey +(dpy —dod e —dyd,y —d,od ;) e
Dual d" =—d, e —d, eu —di s +d e —dpears —dpyeps —dpeeys —d 235 —d €315 —d €105 con(d)=car(d)’ /\d=—(dv2x +d,, +dvzz)e1234

Carrier Car(d) :d/\e5 :dvxe415 +dwe425 +dvze435 +dmxez35 +dmye315 +dm26125 (ﬂat line) Q +(dvydmz _dvzdmy +dvxdpw)e4235

Anticarrier acr(d) = d*/\e5 = —dvxe4235 —dwe4315 —dvze4125 +dpwe3215 (ﬂat plane) g +(dvzdmx —d +dvydpw)e4315
)
Round Bulk de = dmxe23 +dmye31 +dmze12 att(d) =dVes; o +(dvxdmy _dvydmx +dVZdPW)e4125
: Attitude d2 +d> +d> +d,d, +d,d, +d,.d
Round Welght do = dvxe41 +dvye42 +dvze43 = dvxel +dvye2 + dvze3 +dpwe5 _( mx T my T mz +dyy px + = py Tdy, pz ) €3215
Flat Bulk d.=dxe15+d ez5+d2635 2 2 2 2 2 g2 g2 g2
? i P Center Norm ”d”O — dmx +2dmy +2dmz ';dpw Radius Norm ”d”@ — dpw dmx dmy dm; 2 (dexd;x + dpydvy + dpzdvz )

Flat Welght d|:| = dpwe45 ”d”o dvx + dvy + dvz ”d”O d"x + dVy + dVZ
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Circle

Circle ¢ _
( ) C="n,€43 +n,€431 +1,€41 +(Py”lz —Pz”ly)e415 +(pznx — Pl ) €425 +(Px”ly —Py”x)e435 p=(p.,py, p- ) = center
Trivector
p2 _ 2 n=(n,,n,,n, )=normal
2D +(p-n)(prexs+ pyesis+ p.eps —3321)——2 (n.€x5 +ny€315 +n.€p5) - — radius
Anticarrier Direction Anticarrier Moment Container CoCors = CoCor. — C o Con. =
gbmz gzCbmy awbix
Cg:Cimy — CgxCimz — CagnCry =
C = Cgr€403 T Cgp €431 T Cyz €412 + C €301 + C1x €415 + C, €425 + C12 €435 + Cpx €235 + Cryy €315 + Ciz €125 CoxCmy — CayComx — CawCyz =
Carrier Plane Flat Line CorCox + CoyCmy 7+ CrzCnz = 0
(when Cox =Cqp =Cq; =Cgqy = 0) Antlcarﬂer ngcvx + cgycvy + ngcvz = 0
Center cen(c)=—acr(€)Ve=(CgCp —CgCpy —CoxCan ) €1 +(CarCrx = CoxCrz = CyCar ) €2 +(CanCry = CoyCon — CorCy ) €3 + (céx +cp, +Cp ) e, + (cvzx +Cp, + C + CaxCms + CayCrmy + CozConz ) es
Dual € =Cu €4 +Coy€sy +Cpr€u3 +Crr@o3 +Cpy€31 +Crp €12 + Cprix €15 + Ciy €25 + Cps €35 — Corp @
gx©41 g 42 gz %43 w ©23 vy €31 vz ©12 mx ©15 my ©25 mz €35 gwt45 COH(C) — car(c)* AC= _(céx +C§y +C§Z)e1234
Carrier Car(c) =CAe5= Cox€4235 T Cg)€4315 T Cg€4125 T Cgy €3215 (ﬂat plane) 12 +(ngcvz —CgiCyy —ngng)e4235
Anticarrier acr(c) =C*/\e5 = Cgx €415 T Cg €405 T Cg; €435 T C, €235 + C,, €315 T C,, €125 (ﬂat line) g +(ngcvx —CgxCy; —ngcgw)e4315
o
Round Bulk Co =Cgy €3 Attitud att (€) =€V es1s = Cgr €3 +Cgy €31 +Cg- €1 o (G185 = O =68 Al
itude 2
Round Welght Co = che423 + Cgy €431 + Cgz €412 +C €5+ Cyy €25 +C, €35 i (ngcmx + CeyCrmy + CezCmz —Caw ) €3215
Flat Bulk Cam = Cmx €235 + Cny €315 + Cnz €125 e| e +ci+ct 4+l e| 2+l +ck -k +2(CoxCmx +CgyCrmy + CgzCmz )
Center Norm ORIt (i S g Radius Norm o W T Cew ey o) E
: 2 2 2 2 2 2
Flat Welght Co =Cx€415 t+ vae425 +C,, €435 ||C||O Cox + Cgy + Cgz ||C||O Cox + Cgy + Cg:
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Sphere

Sphere s _
P S = Px€4235 T P)€4315 + P-€4125 — €234
(Quadrivector) 5 5
p -r p = center
—— €3215
2 r = radius
Attitude

S =5,€1234 T 5x€4235 +5,€4315 T 5:€4125 + 51,€3215
att (S) =sSVess

Carrier Space Flat Plane = 5,€321 +5,€35
(Whensu :0) t 5,€315 +5:€125
cen(s)=—acr(s)Vvs
Center 5 s 9
= —85,5,€] —5,5,€, —5.5,€3+ S5, €4 + (sx +8, 48z =SSy )e5
*
, con(s)=car(s) As L
Container 5 (identity)
= —8,€1234 —8x5,€4235 —5,5,€4315 —5:5,€4125 — S8, €3215
Dual §"=—s5,€ —5,€,—5,€3+5,€4+5,€s
Carrier car(s)=sAes=s,1 (volume)
Anticarrier acr (s) =S Aes =—5,€55—5,€5 —S.€35+5,€45 (flat point)
Round Bulk | se¢ =0 Center | |ls|l, [s:+s;+s2
: - 2
Round Weight | so =s,€534 Norm Islo Si
Flat Bulk Sm =5,€3215 Radius ||S||O _\/S% +S§ +S22 —2SWSu
: = 2
Flat Weight S0 = Sy€4235 + 5, €4315 + 5, €4125 Norm Isllo o
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Round and Flat Parts

Round part = all components without e: factor
Flat part = all components with e factor

If round part zero, then it’'s a flat object
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Norms

Two major norms giving radius and center magnitude

Radius norm: [x, =Xox =/-Xx*X

Center norm: |[x|, =yx*X =/—xoXx




Reflected Reverse

>

Reflected reverse = X

Same as reverse except e: factor is negated

Used only in center norm
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Norms

Type

Center Norm

Radius Norm

Round point a

lafly = Va2 +a? +a?

lallo = 2a.a, -a? -a} a2

Dipole d

d|, =d2 +d2, +d2 +d2,

d

o = Nd2 —d2 —d2, —d2. —2(dwdy +d d,, +d,nd., )

Circle ¢

2 2 2 2
Cllo =\/cgw+cvx 1R Cp T Co

2002 2 2
= \/cvx +Coy + Crr — Cauyp + 2 (CoxCrny + CoyCimy + CzCrmz )

Sphere s

2, .2, .2
Sllo =\/Sx+Sy+SZ

2, 2, 2
o =\/Sx +8, +87 — 28,8,
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Round Norms

March 20-24, 2023 | San Francisco, CA

Type

Round Bulk Norm

Round Weight Norm

Round point a

all, =+Jal+a’+a’
|alq ;

lallo =la|

Dipole d d|, =2 +d2, +d2 d|, =+d2 +d> +d>
Circle ¢ cle =|con] ¢l =\/C§x+0§y +
Sphere s sy =0 sllo =|su]

#GDC23




Duals

Type Dual

Flat point p p* = Pw€321 — Px€235 — P, €315 — P €125

Line / I" =1, exy+1,e3+1.e5+es+1, €5+, ess
Plane g g =-g.e —g,€,—g.e3+g,es

. *
Round pointa | a” =—a,,€234 +ay €435 + A, €4315 + A, €4125 — A, €315

E
d =—d, e —dyes —d,e4 +dy e

Dipole d
—d €415 _dmy €45 — d ;€435 _dpxe235 _dpy €315 _dpz €125
. %
Circle ¢ C =Cgr€4] TCg, €4 T Cg,€43 +C, €23 +C,, €31 T C,, €12 + Cpp €15 + Cpyyy €25 + Cpypz €35 — Cgyy €45
Sphere s S =—s5,€ —5,€) —5,€3+5,€4+5,€5
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Carriers

Carrier is lowest-dimensional flat containing object
Anticarrier is carrier of dual

Car(X)ZX/\e5

acr (X)=X Aes
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Carriers

Type

Carrier

Anticarrier

Round point a

car (a) =d, €5 +ay € +a,e3; +a,,€ss

acr(a)=-a,l

car (d) =d, €415 +d,, €5 +d,, €435

acr (d)= —d ;€435 — dvy €4315 — dy; €4125

Dipole d
+dmx €235 +dmy €315 +dmz €125 +dpwe3215
. Caf(c)=0gxe4235 T Cgy €4315 + Cg: €4125 aCT(C)=C'gxe415 T Cgy €425 T Cg, €435
Circle ¢
T Coy €3215 T Cx €235 +Cy), €315 + C; €125
Sphere s car(s)=s,1 acr (s) =—s,€j5 —S, €5 —5,€35 +5, €45
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Centers

Center is round point with same position and radius

Intersect anticarrier with object itself

cen(x)=—acr(x)Vvx
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Centers

Type

Center

Round point a

2
cen(a)=a,a,e +a,a,e, +a.a,e;+a,e, +a,a,es

Dipole d

cen(d)= (d,d,. —d..d,, +d.d,,)e
+ (dvzdmx - dvxdmz + dvydpw ) €
+(dydyy —dyd e +d,.d ) e;
+(di+dy, +dy ) ey +(dpy —dyd e —dyyd ,, —dod ;) e

Circle ¢

cen(c)= (CgCp —CgCiy —CaCon )€
+ (CgCix = CnCrz — CgyCa ) €2
+ (CquCiy = CgyCrx —CgzCor ) €3

+ (céx +c2, +c2, )e4 +(cv2x + 2, + €L + CoxCos + CayCony + CgzConz ) es

Sphere s

2 D DD
cen (s)=—s,5,€ —5,5,€, —5.5,€3+5, €4 -I-(Sx +5, +57 =SSy )e5
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Containers

Container is sphere with same center and radius

Join dual of carrier with object itself

con(x)=car(x) AX
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Containers

Type Container

; 2 2 2 2
Round point a con (a) =—a, €234 ta,a, €435 +a,a,€4315 +a;a,,€412;5 +(awau —dy —a, —a, )63215

con (d)=- (dvzx +dy, +d, ) €1234
+ (dvydmz o dvzdmy + dvxdpw ) €4235

Dipole d +(dvzdmx _dvxdmz +dvydpw)e4315
T (dvxdmy o dvydmx + dvzdpw ) €4125

~(dos +day +diz +d ey +dyd y, +dd e ) 3315

2 2 2
con (C) =— (ng +ng +ng ) €234
+ (ngcvz —Cg;Cyy —CgyCygy ) €4235
Circle ¢ + (ngcvx —CgxCyz —CgqyCgy ) €4315
+ (ngcvy o ngcvx _ngcgw ) €4125

2
+ (ngme +ngcmy +ngcmz —ng)e3215

2
Sphere s con ($) = —S, 1234 — 1Sy €4235 — SySu€4315 — 525, €4125 =SSy €3215
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Partners

Partner is same round object with same center,
but real or imaginary radius is swapped

Intersect carrier with container of dual

par(x)=car(x)Vcon(x)
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Partners

Type

Partner

Round point a

par(a)= a.a’e +aya3ve2 Ya.ate;+a. e, +(a,% +a§ +a’-a,a, )aWeS

Dipole d

par(d) = - (dvzx +dv2y +dvzz)(dvxe41 +dyeq +des+dyen+dy e +dy.epn +dpwe45)
+(do + oy +dip: —dpy +doyd e +dyyd y, +d,od ) (dycers +doyeos +d,e55)

+ (dmydvz _dmzdvy ) dpweIS +(dmzdvx _dmxdvz ) dpwe25 + (dmxdvy _dmydvx ) dpwe35

Circle ¢

2 2 2
par(c) = (ng T Cgy +Cyg, ) (nge423 T Cgy €431 T Cgz €412 +Cgyy €321 T C1x €415 T Cy, €425 + Cy, €435 )

2 2 2 2
+ (ng —Cyx — cvy —Cy; — ngcmx - cgycmy - ngcmz ) (ng €235 + cgy €315 + cgz €125 )

+ (vacgz — (), Cgy )nge235 + (Cvzch —CyxCgz ) Cow €315 + (Cvxcgy — CyyCgx ) nge125

Sphere s

3 2 2 2 2 2 2
par (S) = =8, €1234 — xSy, €4235 =5, €4315 — 5,5, €4125 T (SwSu —S8x =8y —8; )Su €3215
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Attitude

Attitude operation extracts directional information

att (x)=xV ey




Attitude

Type Attitude

Flat point p att (p) = p,es

Line [ att (1) =1 €5 +1,, e +/,, ;s
Plane g att (g)=g,€xs +g,€35 +g. €5

Round point a att(a)=a,l1

Dipole d att (d)=d,, e, +d, e, +d,.es+d,,es
Circle ¢ att (C) = Cgx €23 T Cqy, €31 T Co, €12 T Cyx €15 + (), €25 +C,, €35
Sphere S att (S) = 8, €321 TS, €235 +5,€315 +5,€125
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Formula Illustration

u Dipole containing round points a and b.

o I n anb =(a.b,—a.b,)eqy +(a,b,—a,b,)eyn+(a,b. —a.b,)es
+(ayb, —a.b, ) ey +(a.b, —a,b, ) ey +(ab, —a,b,)ep, e
+(a,b, —a,b, ) es +(a,b, —aub, )es
+(a.b, —a,b,)ess +(ab, —a,b, )ess

Line containing flat point p and round point a.

pAa=(p.a,—pua,)eys+(p.a, —p,a.)emxs
+ (pyaw — Pway ) €425 +(pxaz 21 ) €315
+ (pzaw — Ppwa; ) €435 +(pyax _pxay ) €125

Circle containing dipole d and round point a.

dAa=(dya,—d.a, +d,.a,)en; +(d.a, —da, +da, ) es
(dvxay —d\ya, +d,.a, ) e —(dma, +dpa, +d,.a. ) e
+(dpay, —dpay +dya, ) eqs +(d.a, —da. +da, ) ens
+(dpa, —dya, +dya, ) eqns +(dya, —dya, +dypa, ) ess
+(dpa, —dpa, +d,.a, ) epns +(dya, —dpa, +d,.a, ) epns

Plane containing line / and round point a.

Ina= (lvzay _lvyaz _lmxaw ) €4235 + (lvxaz _lvzax _lmyaw ) €4315

+ (lvyax - lvxay - lmzaw ) €4125 + (lmxax + lmyay + lmzaz ) €3215

Plane containing dipole d and flat point p.

dAp =(dyp. —d.py +duDw) €235
+(dvpy —dwxp: +dpypy ) €315
+(dwpy —dypy +dppw) €125
( 7xalP = OBy 7 U O )93215

March 20-24, 2023 | San Francisco, CA  #GDC23




oin

March 20-24, 2023 | San Francisco, CA

Formula

Illustration

Sphere containing circle ¢ and round point a.

CAA=—(Colly +Coyy +Corl +Corily, ) €1234
+ (cvzay - cvyaz + chau —CmxQy ) €4235
+ (cvxaz —Cy 0y t cgyau - Cmyaw ) €4315
+ (vaax - Cvxay + ngau —Cpz Ay ) €4125

+(Cox @y + Cy @y + Cpip @ + Crily, ) €315

£

Sphere containing dipoles d and f.

dAf = _(dvxfmx +dyy foy oz frnz e fox Ay foy + oz /o ) €1234
+(dVyfpz =@ [y T W gy = W o = O [ +defmx)e4235
+(dve fox —do [z +dpu fro = pz frx + Aoy fow + d o frny ) €4315
+(dvxfpy o Dzr g Sowe U gy *F Ol [z 0 i ) €4125
~(dox fox + oy [y + oz [z + A e +dpy frny + e ) €3015

#GDC23
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Formula

Illustration

Circle where spheres s and t intersect.

sVt = (sutx —Sxtu)e423 +(Sufy —Sytu)e431
+ (Sutz _Sztu )e412 +(sutw _Swtu )e321
oty (Szly —sytz)e415 +(Sxtz —Sztx)e425 +(Sytx —Sxty)e435

+ (Sxtw _Swtx)e235 +(Sytw _Swty )e315 +(Sztw _swtz ) €125

Circle where sphere s and plane g intersect.

SVEZ=25,8x€43+5,8,€431 +5,8:€412 +5,8w€321
+(Szgy —5,8: )e415 +(ngz _Szgx)e425 +(Sygx _ngy)e435

+(ngw —sng)e235 +(Sygw _Swgy)eSIS +(Szgw _Swgz)e125

Line where planes g and h intersect.

gVh =(g.h, —g,h. )esys +(gh, — guwh, ) s
+(gxhz _gzhx)e425 +(gth _gwhy)e315
+ (gyhx —g.h, ) ess + (g M — guwh. ) ens

45‘

Dipole where sphere s and circle ¢ intersect.

SVE=(85,Cq —5:Cgp +5,Cpx ) €41 +(S1Cox = S2Ca + SuCmx ) €23

S:Cox —SxCar +8uCy ) €42 +(S1Cqp — Sy Can + SuCmy ) €31

(
(
(8:Cqy —8,Cox +54Cyz ) €43 +(81,Cqr = S2Cqw + SuCriz ) €12
(82Cmy =S, Cmz +83Cux ) €15 + (SxCmz = S2Cmx +8,,Cyy ) €25
(

SyCmx = SxCmy +834Cyz ) €35 —(S2Cyx +8,Coyy +5,Cy ) €45

Dipole where plane g and circle ¢ intersect.

(

(gzch _gxcgz ) €4 +(gwcgy _gycgw ) €31

(gxcgy _gych ) €43 +(gwcgz _gzcgw ) €12

(82Cmy —&yCmz + uCux ) €15 +( &xCrmz — Z2Cmx + GuCry ) €25
(

&yCmx — &xCrmy + & wCy: ) €35 _(gxcvx +gycvy +g:Cy; ) €45
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Formula

Illustration

Dipole where sphere s and line / intersect.

SVI = 5,1\ eq +5,0,,e4 +5,1,, €4
+ Sulmx €3 + Sulmy €3 + Sulmz €
+ (Solyy = Sylnz + Sulix ) €15+ (Sxlye — Sl + 831, ) €25

+ (Sl = Sxlmy + 83l ) €35 = (S3lx + 5,0, + 521, ) €45

Flat point where plane g and line / intersect.

gVl = (gzlmy _gylmz +gwlvx)els +(gxlmz — Gl +gwlvy)625
+ (gylmx _gxlmy +gwlvz)e35 _(gxlvx +gylvy +gzlvz)e45

~

Round point contained by circles ¢ and o.

CV O = (CO0pmy = CgyOmz + CnyOge = CiizO0gy + CrOgyy + CyOy ) €
+ (CoxOmz = Cgz0py + CzO0gx — CuxOgz + 0y + Cri0yy ) €2
+ (CgpOmy = CqxOmy + CorxOgy — CoryOgy + Cr0gyy + Cy0yz ) €3
— (CqrOu +Cgy0yy + €0 +CrpOgy + €104, + 1204, ) €4

- (cmxovx + CinyOvy +Cmz0yz + COpye + CyyOmy +C;0m; )eS

Round point centered on line / and contained by circle c.

VI = (Culpy —Colm +Calix ) €1 +(Corlmz — Cool +Carlyy ) €2
+ (Coplmx —Coxlmy + iz ) €3 —(Coilix + gy + 021, ) €4

— (Coclvx + Cmplyy + ozl + Coxlie + Coply + Cozliz ) €5

cvl




Formula Illustration

Round point contained by sphere s and dipole d.

svd
sVd = (5,d,, —S.dpy —Sudy +5,d ) €
+ (82dpy — 3l — Sy +5,d ) €2 \.
d

+ (Sxdpy — Syl e — $yyd,, +5,d . ) €3
+(8cd oy +5,d,, +5.d,, +5,d ) €4

— (85 p +5,d py +5.d , +5,d ) €5

Round point centered in plane g and contained by dipole d.

gVd = (gydu: —g-dumy — gudw ) €
+(g:dx = &xlm: — gud,y ) €2
+(8xdmy — €y — 0l ) €3
+(gedix + gydyy +g:d,: ) &4
= (B Fy B B s Gl )G

Round point centered at flat point p and contained by sphere s.

SVp
SVPp==58,px€ +S,py€r+85,p:€3+S,Pye4 @
—(Sepx +5,Py +5.p- +SuDw) €5
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Connect
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Formula

Illustration

Dipole orthogonal to sphere s and containing round point a.

s'Aa =(s,a, +5,a,)eq +(s.a,—s,a.)exn
+(sya, +5,a, ) e +(s,a. —s.a, ) ey
+(8.ay +5,a. ) €43 +(s,a, —5.a, ) €
—(sca, +sway)eis —(s,a, +5,a,)es

—(s.a, +5,a; )ess +(5,a, —S,a, ) €ss

s"Aa
)/

Dipole orthogonal to plane g and containing round point a.

g'Aa=g.a,eq+(g:a,—g,a:)ex
+ gyawe42 +(gxaz _gzax)eSl
+ 8:a,,€43 +(gyax _gxay ) €2

- (gxau +gwax)e15 _(gyau +gway)e25

g'Aa
- (gzau +gwaz ) €35 _gwawe45
Circle orthogonal to sphere s and containing dipole d.
S Ad=(s5,d,. —5.d,y +5,d ) €123 + (820 —5cd\ +5,d,y ) €431
+(Sxdvy _Sydvx +Sudmz ) €410 + (Sxdmx +sydmy +Szdmz ) €371

+(sxdpw +Swdvx +Sudpx)e415 +(Szdpy —Sydpz +Swdmx)e235
+(8,d py +50dyy +8,d ) €425 + (55 pr —5.d e + 50y ) €315

+(Szdpw +Swdvz +sudpz)e435 +(Sydpx _Sxdpy +Swdmz ) €125

Circle orthogonal to plane g and containing dipole d.

g'nd=(g,d. —gzdvy)e423 +(gd —g:d,. ) esn
+(gxdvy — gy ) €412 +(gxdmx +8ydmy + 8:Am: )6321
+(gxdpw +gwdvx)e415 +(gzdpy —gyd,; +gwdmx)e235
+(gydpw+gud,y ) eas +(gd . — g.d pe + udy ) €315
+(gzdpw +gwdvz)e435 +(gydpx = Bl 30 Z e )3125
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Formula

Illustration

Line orthogonal to sphere s and containing flat point p.

S"AP = (5xpw +5upx ) €ars +(5.py —5,p. ) €235
+ (Sypw +Supy)e425 +(Sxpz _Ssz)e315
+ (S:pw+8,D: ) €a3s + (S, px — 52D, ) €125

Line orthogonal to plane g and containing flat point p.

g*/\l) = ZxPw€ais +(gzpy —8,P: )3235
+ gyPwess +(gep: —g-Px ) €315
+ g:Pweusss +(gyPx — 8Py ) ei2s

Sphere orthogonal to sphere s and containing circle c.

$TAC = (8,Cq0 —SxCox —5,Cqy —S:Cq: ) €1234
+ (8,00 —5.Chp = S1Cox + 8uCmx ) €4235
+ (Szcvx —8xCyz _chgy +sucmy ) €4315
+(8xCy =S, Cox = SuCqz + SuCrz ) €a125

+ (SxCmx +5,Cmy +S:2Cmz — S1Cas ) €3215

Sphere orthogonal to plane g and containing circle c.

g'AC = —(gxch +8,Cqy +8:Cq: )e1234
+ (&) —8:2Cy — 8uCer ) €a235
u (gzcvx —8&xCvz — 8wCyy )64315
+ (gxCiy = 8yCix — GuCe: ) €415

+ (gxcmx + &yCmy +8:Cnm: —8wCgw ) €315

Plane orthogonal to sphere s and containing line /.

*
s Al= (sylvz _Szlvy +Sulmx ) €4235 +(Szlvx _levz +Sulmy ) €4315

+ (levy _Sylvx + Sulmz ) €4125 +(sxlmx +Sylmy +Szlmz ) €3215

Plane orthogonal to plane g and containing line /.

g*/\l = (gylvz _gzlvy)e4235 +(gzlvx _gxlvz ) €4315
+ (gxlvy _gylvx)e4125 +(gxlmx +gylmy +gzlmz ) €3215
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Formula

Illustration

Circle orthogonal to circle ¢ and containing round point a.

CAa=(cya. —Cpa, +0a, ) ens +(Cply —Ca, +Cyya,, ) €u3)
+(cnty —Cgay +nay ) e41n —( Oty +Cpa, +¢1na. ) €3
+ (Cox @y + Caly +Cqey ) €a15 +(Cz@y — Crp@z + iy ) €235
+ (Cop @y + Cqutty +Coyt, ) €425 +(Cox@z — Cozl + €0, ) €315

+ (Coy + Con@: +Cgty ) €435 +(Coy @y — Condy, + €120, ) €125

Circle orthogonal to line / and containing round point a.

I'na =l,a,e43+1,,a,€s31 +1.a,€4
—(lxa, +1ya, +1.a. ) e
+ Lpayeqs +(lea, —lya. +1a, ) exs
+ Lyayemns +(lya, —l.a, +1,a, ) ess

+ lmzawe435 +(lmyax _lmxay +lvzau )e125

Plane orthogonal to circle ¢ and containing flat point p.

.
C'AP = (Cq Pz —CazPy +Cox P ) €423
= (G2 = 3= Cithy ) 515
= (Caity =Gl =85 00 )| G

- (cvxpx +vapy +C:P: ) €3215

Plane orthogonal to line / and containing flat point p.

.
UAp =lxpyesss +1ypuessis +1: pyeans

—(Lxps+1ypy +1.p: ) €305




C O n n e c t Formula Illustration
Sphere orthogonal to circle ¢ and containing dipole d.
AN =—(cndx +0ydyy +Cdy, + Codp + Coyy +Cood ) €1234

+(Cedy = Coydy + Cond py + Cyd ;= Cood yy = Caryiy ) €235

+(Cnediz = Cpeys + Coyl py + Cod p = Coellp: = Colly ) €431

+(Cydix = Coeyy +Crod ppy + Coxd yy = Cyd e — Corz ) €415

_(cvxdpx + cvydpy + cvzdpz + cmxdmx + cmydmy + cmzdmz ) €3215

Sphere orthogonal to line / and containing dipole d.

l* Ad=— (lvxdvx + lvydvy + lvzdvz ) €1234
+ (lmzdvy - lmydvz + lvxdpw ) €4235

~

+ (lmxdvz - lmzdvx + lvydpw ) €4315
+ (lmydvx - lmxdvy + lvzdpw ) €4125

_(lvxdpx +lvydpy +lvzdpz +lrmcdmx +lmydmy +lmzdmz ) €3215

Sphere orthogonal to dipole d and containing round point a. d.°

d'Aa=(d,a,+dya,+d.a. —d,.a,)en y

+ (dmyaz _dmzay + dpxaw _dvxau ) €4235
+ (dpea, —dwa, +da, —d,a, ) ess
i (dmxay —dmyax +dpzaw —dvzau ) €4125

+ (dpwa, —dya, —d,a, —d,a. ) ens

Sphere centered at flat point p and containing round point a.

.
P ANa=-—p,a,e3 t Pray€a3s + Pyay€asis + PAy€4125

+ (pwa, — pra, — pya, — p.a. ) exn;s
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Projections

Same as rigid geometric algebra
To project a onto b, calculate connect b™ A a

Then intersect result with b: (b* A a)vb
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Real Point Imaginary Point

R?>0 R?>0

2 <0

Points
Contained
by Sphere

r? <0

2 >0 R? <0 R? <0

X

Real Sphere

Imaginary Sphere

Impossible
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Points Contained by Sphere




Parametric Geometries

Generalization to non-scalar parameters

Round objects can be expressed as center point plus multiples
of attitude by u, where u has lower grade by 2

p(u)=cen(x)+u Vatt(x)
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Parametric Geometries

Dipole has scalar parameter
Circle has vector parameter
Sphere has bivector parameter

p(u)=cen(x)+u Vatt(x)
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Parametric Dipole







Sphere-Line Intersection

Calculate the points a and b where
a line I intersects a sphere having
center ¢ and radius 7. /
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Conventional Methods

Geometric Algebra

Let/(¢)=p+tv be a parametric line containing
the point p and running parallel to the direction
vector v. Assume the direction is normalized so
that |v|=1.

Let I be a flat line with direction /, and moment
[,,. Assume the line is weight normalized so that
|Z|l5 = 1. Assume the sphere is weight normalized
so that s, =—1.

Translate the center of the sphere to the origin.
Translate the line by subtracting ¢ from p.

Translate the center of the sphere to the origin so
itis given by s = —e;o34 + % r?e3y,s. Translate the
line by subtracting ¢ x /, from its moment /,,.

The goal is to solve the equation (p + z‘v)2 =7?
for values of ¢ and plug them into the line p +¢v
to obtain the points a and b.

The goal is to calculate endpoints of the dipole
d =s Vv [, the meet of s and /. These are the points
aandb.

Expanding the quadratic equation, recognizing
that v> =1, and collecting terms in powers of 7,
we have

t*+2(p-v)t+p>—r’=0

Applying s, =s, =5, =0, the dipole d is given by
d=-/,ey —lwe42 —1,.€43 — €23 _lmye31 — €12

1 2
+ 5r (lvxe15 + lvyeg5 + lvze35 )

The discriminant ¢ of the polynomial is given by
d=(p-v) —p*+r?

If 6 < 0, then the line does not intersect the
sphere.

Using /7 =1, the squared radius of the dipole is
given by
ldfle =7~z

If ||d||fa < 0, then the line does not intersect the
sphere.

The parameter values where the line intersects
the sphere are givenby t=—p-v=+ Js. Plugging
these into the line 7 (¢), the points a and b are
obtained with

a:q—v\/gandb:q+Vx/5,

where q =p —(p- V) v+ c is the midpoint
between them.

The center of the dipole is given by
cen (d) = (Ll —Loly )€1+ (Lol — Lz ) €2
+ (Liky =Lyl ) €3 + €4 + 3 77€5
The points a and b are obtained with
a=q-/|dl,andb=q+1 |d],,

where q =cen (d) + ¢ is the midpoint between
them.

#GDC23



Are Two Circles Linked?

Given two arbitrarily oriented circles,
how can we tell if they are linked?

Simply take antiwedge product to give round point

Radius of point is real if linked, imaginary otherwise
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Are Two Circles Linked?
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