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Subject of This Talk

* 4D rigid exterior algebra
 Homogeneous representation of 3D geometry
* Points, lines, planes
 Join, meet, projection, norm, distance, angle

* 4D rigid geometric algebra
* Euclidean isometries in 3D space
« Rotations, translations, screw transformations

» 5D conformal exterior algebra (briefly)
 Round points, dipoles, circles, spheres

* Details in PGA llluminated

Projective Geometric Algebra

[ILLUMINATED




Exterior / Grassmann Algebra

* Wedge product A
« Combines dimensions of operands

 Vectors square to zero:
VAV=0
* Antisymmetric on vectors:

aAb=-bAa

Sec.2.11



Bivectors

* Wedge product of two vectors aand b

Sec.2.1.2



Trivectors

* Wedge product of three vectors a, b, and ¢
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Pascal’s Triangle
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Rigid Exterior / Geometric Algebra

* Projective algebra with one extra dimension

« Contains points, lines, planes in 3D

« Can perform rotations, translations, screw transformations



€

4D Exterior Algebra

* Extends 4D vector space

* One scalar 1

* Four vector basis elements

« Six bivector basis elements

* Four trivector basis elements
* One antiscalar 1

Type Values Grade / Antigrade
Scalar 1 0/4 DDDD
€ II:II:II:I
€ I:III:II:I
Vectors e, 1/3 I:I I:I I I:I
e, =e I |
€44 =€4 N € II:II:II
€pn =€4 NE, I:III:II
' €453 =€4 NE;3 I:II:III
Bivectors €y =€, A€, 2/2 I:IIII:I
€3 =€3 N € II:III:I
€ =€ NE, III:II:I
€43 =€4 NEQ NE;, I:IIII
Trivectors / Cor =€ N EAE 3/1 1011
Antivectors €10 =€ NE€ANE, I I |:| I
€31 = €3 NE€y A € IIII:I
Antiscalar 1=e nre, Ane; Aey 4/0 IIII




4D Exterior Product

Wedge Product aAb

Pl 1 e | e | e | e [en | en | en | en| e | en|ens| e e |en| 1
1 1 | e | e | e | e | € | en | €53 | €3 | €1 | € | €| €| €| e | 1
e e 0 | ey |—e5|—esn| O |—esp| €31 |[—€3q| O 0 1 0 0 0 0
e | e [—en| O | en |[—en|lemn| O |—ens| 0 |—espy| O 0 1 0 0 0
€; €; € [—exn| 0 |—eyn[—€sm|en| O 0 0 |—ex| O 0 1 0 0
€, €4 | € | € | €43 0 0 0 O |emps | €| O 0 0 1 0
ey | e | O |eqn|—epm| O 0 0 0O |-1] 0 0 0 0 0 0 0

en | en |—emn| O |eps| O 0 0 0 O |-1] 0 0 0 0 0 0
€y | € | e [—eps| O 0 0 0 0 0 O |-1{(O0 0 0 0 0
€; | ex [—es] O 0 |exn|-1] O 0 0 0 0 0 0 0 0 0
e | e | O [—e| O |ey| O | =1] O 0 0 0 0 0 0 0 0
ep |ex| O 0 |—en|em| O O [-1] 0 0 0 0 0 0 0 0

exs|lexs | -1] O 0 0 0 0 0 0 0 0 0 0 0 0 0

€z €3 | 0 | -1 O 0 0 0 0 0 0 0 0 0 0 0 0

€| €| O O [-1] 0 0 0 0 0 0 0 0 0 0 0 0

€ | €| O 0 O [(-11]0 0 0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0




Complements

« Complement inverts full / empty dimensions

* Right complement denoted by overbar
* Left complement denoted by underbar
* For basis element u,

uAu=1 uAu=I1
u € € €; €4 €41 | € | €43 | €3 | €31 | €2 | €403 | €431 | €412 | €321
u €403 | €431 | €412 | €321 | €23 | —€31 | =€ | = €4 | —€4p | —€43| —€ | =€ | —€3 | —€4
u 1 [—esns|—€si|—€sn|—€321| —€x3 | —€31|—€n | —€q | —€sn | —€s3]| € € €3 €4

Sec. 2.2



Antiproducts

* Antiwedge product denoted by v

* Wedge product combines dimensions that are present
« Adds grades

* Antiwedge product combines dimensions that are absent
« Adds antigrades

Sec. 2.3



De Morgan Laws

* Every operation with “anti” in name satisfies a De Morgan law:

avb=aAb avb=aAb

 To calculate anti-operation,
« Take a complement of each input
« Perform the regular operation
» Take opposite complement of the result



Antiwedge Product avb

4D Exterior Antiproduct
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Point




Special Points
* The origin is simply the point e,
 Point with zero weight lies at infinity in (X, y, z) direction

 Points at infinity in opposite directions are equivalent




Line

PAQ=(qxPw— Pxqw)est +(@yPw — Py ) €a2 +(g: P — P-qw ) €43
+(pqu _pZQy)e23 +(pqu — Pxq: )e31 +(px%/ —Py%c)eu

4’%
o
>
8=

Direction Moment

l, -1, =0 x

Sec.2.4.2



Lines at Infinity

* Line with zero direction lies at infinity

o0

I = lmx €3 + lmy €31 + lmz €12




Plane

l/\P :(lvypz _lvzpy +lmx)61 +(lvsz _lvxpz +lmy )62
+(lvxpy _lvypx +lmz )63 _(lmxpx +lmypy +lmzpz )64

—> =
o
>

Normal Position

Sec.2.4.3



Horizon

* Plane with zero normal lies at infinity 2, €3
» Contains all points at infinity, all lines at infinity
* Given special name horizon

» Complement of origin




Join

* Wedge product performs join operation

Join Operation Illustration

Line containing points p and q.

q
PAG=(Pudx = Psqw) €a1+(Pudy = Py ) €2 +(Pugz = P:qw) €13 /1';/./;/\(1

+(pyq: — P9, ) en+(p:9: — p:q:) es1 +(prq, — Pyq: ) en2

Plane containing line / and point p.

IAp
l/\p = (lvypz _lvzpy +lmxpw ) €423 +(lvsz _lvxpz +lmypw ) €431

+ (lvxpy _lvypx +lmzpw)e412 _(lmxpx +lmypy +lmzpz)e321 -

Sec. 2.5




Meet

* Antiwedge product performs meet operation

Meet Operation

Illustration

Line where planes g and h intersect.

gvh=(g.h,—g,h.)en+(g.h.—g.h)en+(gh —g.h, )esn
+(gehw—guhe ) e +(g hy —guwhy ) es1 +(g.hw — guh. ) en

Point where plane g and line / intersect.

ng :(gzlmy _gylmz +gwlvx)el +(gxlmz _gzlmx +gwl‘,y)e2
+(gylmx _gxlmy +ngVZ)e3 _(gxlvx +gylW +gzlvz)e4




Duality

* Every object can be interpreted as two different things
« Every operation performs two different actions
* One interpretation corresponds to regular space

* The other interpretation corresponds to antispace

Sec. 2.6



Duality

> =

homogeneous point

/ (pxa pya pza pw)

homogeneous plane
(Px> Pys P2 Pw)




Exomorphisms

* Given an n x n linear transformation m that operates on vectors

» The exomorphism M is the 2" x 2" matrix that operates on the
whole algebra

« Exomorphism preserves structure under the wedge product:
M(aAb)=(Ma)A(Mb)

Sec. 2.7



Exomorphisms

* Matrix M is block diagonal

« Each block has columns given by wedge products of
columns of the original matrix m

* These are called compound matrices of m




1 e e e e; €4 €y €43 €3 €3 € €43 €431 €4 €3 1

e

detm —

~— scalar

vector

bivector

trivector

antiscalar
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The Metric Tensor

* n X n matrix that defines dot products of vectors

o O = O

o = O O

o O O O

€ - € = +1]
(VIR ) = +]
€3 - €3 = +1

€4 €4 =0

Sec. 2.8.1



Metric Exomorphism

* The metric tensor is a linear transformation
* Thus, it can be extended to a full exomorphism matrix G

* There is also a metric antiexomorphism, or just “antimetric”,
that satisfies

Gu=Gu=Gu

Sec. 2.8.2



Metric and Antimetric

1

0

GG =det(g)I




Bulk and Weight

» Multiplying 2"-dimensional multivector by metric or antimetric
partitions into two pieces

* Bulk ue =Gu All components without factor e,

* Weight uo =Gu All components with factor e,

Sec. 2.8.3



Bulk and Weight of Point

p=*+’

Position Weight

Pe = px€1 T py€r + P, €3

Po = Ppw€y




Bulk and Weight of Line

Direction Moment

le =l€3 +1, €3 +1,.€p

lo =1eq +1,,e4 +1,. €43




Bulk and Weight of Plane

st

Normal Position

2e = Zw€321

8o = gx€423 + Z,€431 T €412




Bulk and Weight

* Bulk contains positional information
* Weight contains directional information
* |If the bulk is zero, then the object contains the origin

* If the weight zero, then the horizon contains the object




Inner Product

* Dot product defined by metric: aeb = (aTGb)l

» Antidot product defined by antimetric: aob= (aTGb ) 1

» Satisfies De Morgan law: acb=ae<b

Sec. 2.9



Bulk and Weight Norms

* Two dot products produce two norms

» Bulk norm: luy =vueu
» Weight norm: lul, =yueu

Sec. 2.10.1



Bulk and Weight Norms

Type Bulk Norm Weight Norm

Point p ple =1p2+p2 + p? Plo =[p|1

Line / Iy = W2 +12, +12. I, =2 +12 +12
Plane g gle =121 glo =Ygl +gl+g?




Unitization

* An object is unitized when its weight has magnitude one

Type Definition Unitization
Point p pP=p.e +p,e;+p.es+p,ey P =1

Linel [ = lvx €41 +Zvy €4 +lvz €43 +me €73 +lmy €31 +lmz € lgx +l‘?y +l§z =1
Plane g =g €3+ g,€431 g, €410 +Zwe30 g§+g§+gzz =1

Sec. 2.10.2



Geometric Norm

* Bulk and weight norms by themselves not meaningful

» But add them, and result is a homogeneous magnitude
» Represents distance from origin

 Called the geometric norm

Jufl =uly +[ulo =ueu+fuou
« Can be unitized by making weight one

Sec.2.10.3



Geometric Norm

Type Geometric Norm Interpretation
. —~ \/ pi+pi+p? . . .
Point p Ip|| = Y Distance from the origin to the point p.

Line [ 7] = — Perpendicular distance from the origin to the line .

2]

||/g\|| B Perpendicular distance from the origin to the plane g.
\/g x T g y + 8z

Plane g




Euclidean Distance

Distance Formula Ilustration
Distance d between points p and q. D q
d(p,q) = [do:Pw—Pu-qu|1+] Pugu|1 —a
Perpendicular distance d between point p and line /. P

d
d (p,1)=[ly xP oz + pulm | 1+] Pl | 1 \L\,l
Perpendicular distance d between point p and plane g. J T P
d(p,g)=(p-g)1+|p.gy:|1 &7
Perpendicular distance d between skew lines / and k. ) l
d(Lk)=—(1, kyn +1n-ky)1+|l, xk, |1 ‘

Sec. 2.11




Euclidean Angle

Angle Formula Ilustration

Cosine of angle ¢ between planes g and h. h &

cos ¢ (g,h) = (g “hy: ) 1+[glls [, 7 g

Cosine of angle ¢ between plane g and line /. ¢

cos ¢ (1) =[lge x4 1 +glo
_ ;p }

Cosine of angle ¢ between lines / and k. /

/
cos ¢ (1, k) = (4 -ky ) 1+]o kel
k

Sec.2.13.3




Bulk and Weight Duals

* Multiply by metric or antimetric, then take complement

. Bulk dual: u*

o)

X
o)
o

* Weight dual: u

Sec.2.12




Bulk and Weight Duals

u 1 € € €3 €4 €41 | € | €43 | €3 | €31 | €2 | €423 | €431 | €412 | €321 1
u | 1 |em | € |en| O 0| 0| 0 [—ey|-ep/—es| O] 0] 0 |—e] O
U 5 1 |-esps|—eqi|—eqn| O 0 0 0 |—ey|—epn|—es| O 0 0 €4 0
u | 0| 0| 0| 0 |ew|—es|—e|-ex] O | 0| 0 |-e|-e|—e| 0|1
u, [ O 0 0 0 |—e5;|—exs|—e;|—en| O 0 0 e | e | e; 0 1




Interior Products

* Two exterior products combined with two duals
* Four interior products

» Bulk contraction avb*
» Weight contracton  avb™
» Bulk expansion aAb*

» Weight expansion aAb”™

Sec. 2.13



Weight Expansion

+(p-gy —DPyg:)en+(Pxg: —P:-8x)es1 +(Pygx — Pxgy ) €12

Expansion Operation Ilustration
Line containing point p and orthogonal to plane g. pAg” ?

P
pA g* == Pw8x€41 — P& €42 — Pw8g:€43

= ]

Plane containing point p and orthogonal to line /.

pPA I =— Dwlix€a2s — pulyy€ast — puly-€41n

‘4

o P
+(pxlvx +pylvy +pzlvz)e321 p/\l*
Plane containing line / and orthogonal to plane g. ﬂ\gﬁ/—
l
I A g* = (lvygz _lvzgy ) €423 +(lvzgx _lvxgz ) €431 +(lvxgy _lvygx )e412 /74
]
- (lmxgx + lmygy + lngz ) €321 4\g7
]

Sec. 2.13.5



Orthogonal Projection

Projection Operation Ilustration

Orthogonal projection of point p onto plane g.

gv(pAg®)=(gi+gr +g)(prei+pyer+p.es+pyes)
—(gpx+ &Py +8:0:+guwPw ) (g1 + 2,62+ g.€3)

Orthogonal projection of point p onto line /.

IV(PAT)=(Laps+1ypy +1op: ) (L€ +1yes + 13 )+ (15 +15 +13% ) pues
(lvylmz _lvzlmy ) Pw€i +(lvzlmx _lvxlmz ) Pw€2 + (lvxlmy _lvylmx ) Pw€s

=
o<—o T
(S
-~

Orthogonal projection of line / onto plane g.

gv(l/\g*)_(g)%+gJ2/+g22)(lvxe41+lvye42+lvze43) i/////
— (&l + 8yly + 821 ) (8re41 + 8yea +8-€43) T
( lmx+gylmy+gzmz)(gxe23+gye3l+gzel2) il g
+(g:dy — gyl ) gwens +(gul: — g2l ) gwest +( &yl — &xliy ) gwen

Sec.2.13.6




Central Projection

Projection Operation

Illustration

Central projection of point p onto plane g.

gV(pAg®)=gn(p.ei+pyes+p.es)
_(gxpx +8,Py +gzpz)gwe4

Central projection of point p onto line /.

IV(pAT* )= (I +1ny +15. ) (prer + pres + pees)
_(lmxpx +lmypy +lmzpz)(lmxe1 +lmye2 +lmze3)
+(lmx (lvzpy _lvypz )+lmy (lvxpz _lvsz)+lmz (lvypx _lvxpy))e4

Central projection of line / onto plane g.

gV(IAG* ) =(8yln: = &-luy ) Gwear + Zulmrers
+ (gzlmx _gxlmz ) Ew€a +gv2vlmye31
+ (gxlmy - gylmx ) gweas3 T gvzvlmzelz




Orthogonal Antiprojection

Projection Operation Ilustration

Orthogonal antiprojection of plane g onto point p.

p/\(ng* ) = pvzv (gxe423 + gy €43 +gze412)
_(pxgx +pygy +ngz)pwe321

Orthogonal antiprojection of line / onto point p.

P/\(IVP’% ) = p (Iyeq +1yeq +1.€43)
+(pyhz = pzly ) P23
+(plix = piliz) Puesi
+(pelyy — Pyl ) Pwer2

Orthogonal antiprojection of plane g onto line /.

l/\(ng* ) = (lvzx +lv2y +17 )(gxe423 +g, €1+ g.€410)
- (lvxgx +l,8, +1:8: ) (lvx €43 1, €431 +1,, e412)
+(lvzlmy _lvylmz)gxe321
+ (Lol _lvzlmx)gy €321

+ (lvylmx - lvxlmy ) g:€321




Central Antiprojection

Projection Operation

Illustration

Central antiprojection of plane g onto point p.

pA(gvp*)=[(r) +p?) g —(pygy+ P-g:+ Pugu) Px €3
+[ (P +p7) gy —(Pxgs + P8z + Pugw) Py | €a31
+[ (PP +17) & —(Prgs + Py&y + Pugw) P: |€an2
+( P2+ pi+p?) guesn

Central antiprojection of line / onto point p.

PA(IVPY ) =(pulus+ Pylyy + p:L2 ) (Pras + Py s + pess)
+(p5 + P2 ) s +( P2 + P2 ) by €31 +( P + P3 ) €12
+(P:lmy = Pyl ) Pwear —(Pyluy + Pelz ) Px€2s
+( Pilyz = Pzlne ) Dwes _(pzlmz + Dby ) Py€s3i
+(Pylne = Py ) Pwess = (Pl + Pyluy ) P12

Central antiprojection of plane g onto line /.
IA (ng* ) = (lmxgx +Zmygy +lngz ) (lmxe423 +lmye431 +lmze412 )
+ (lmylvz - lmzlvy ) gwea3 + (lmzlvx - lmxlvz ) 8w€431

+ (lmxlvy _lmylvx ) 8w€a12 +(lr%lx +lr%zy +lr%12 ) gw€321




Geometric Product

» Historically denoted by juxtaposition without symbol
 But there is always product and antiproduct
* We use upward and downward wedge with dot inside

» Geometric product aAb
» Geometric antiproduct avb

* “Wedge-dot” and “Antiwedge-dot”

Sec. 3.1



Geometric Product

 Defined by slightly different property compared to
exterior product

e Forvectors, VAV=Vey

« Geometric product depends on the metric




4D Geometric Product

Geometric Product aADb

a b 1 € € € €4 €4 | € | €3 | €3 | €31 | €2 | €43 | €431 | €412 | €323 1
1 1 € () €; € | €y | €n | €5 | €3 | €5 | € | €ns | €3 | €| €| 1
€ € 1 € [ —€31|—€4 | —€4 |—€42| €431 |—€321| —€3| € 1 €43 | —€4 | —€x3| €423
€ e [—en| 1 € |—€n| e | —€|—emns| € |—en| —e |—es| 1 €41 | —€31 | €434
€3 €3 € |—exn| 1 [—en[—es| epn|—e|—€| e |[—en| en |—ey| 1 [—epn| e
€4 €4 €4 | €10 | €43 0 0 0 0 €403 | €431 | €412 0 0 0 1 0
€4 | €4 e, | e |—e€un| O 0 0 0 -1 |—es| €en 0 0 0 |—eps| O
€ | € |—€42| €4 | €43 0 0 0 0 en | -1 |—ey 0 0 |-es| O
€3 | €43 | €431 [—€423| €4 0 0 0 0 |—epn| ey | -1 0 0 |-emnf O
€n | exn [—en| —e;| e (e | -1 |[—en| en | -1 [—en| €5 | —es|—eun| e | € €4
€3 | €3 €; |[—€xn| —e | e | e | 1 |—eqy| en | -1 |—exn| e | —€ |—ens| € €4
en | en | —e | e |—esn] e |[—epn| ey | =1 [—e5| en | —1 |—es| €3 | —€4 | € €43
€3 | € | —1 |—es| €en 0 0 0 0 | —es|—esn €4 0 0 0 €4 0
€1 | €3 | €3 | -1 |—eqy| O 0 0 0 € | —€4 [—€sps| O 0 0 € 0
€ | €an [—€nn| €4 | -1 0 0 0 0 |—esi| € |—€s]| O 0 0 €43 0
€ | €1 |—€xn|—€3 | —€pn| —1 [ ens | €y | €y | € € € [—ey|—epn|—es| —1| &
1 1 [—espns|—€si|—€sn| O 0 0 O | ey | €en | €es| O 0 0 |—-e| O




Geometric Antiproduct

» Defined by De Morgan law:

avb=aAb

« Antivector u squares to antidot product:

uvu=uecu




4D Geometric Antiproduct

Geometric Antiproduct aVv b

a bl 1 € € €3 €4 €4 | € | €43 | €3 | €31 | €15 | €23 | €431 | €412 | €321 1

1 0 0 0 0 €31 | €3 €3 € 0 0 0 € () €; 0

e 0 0 0 0 |—exn|—epn| €5 | —e | O 0 0 1 [—ey|l e | O e
e, 0 0 0 0 |—ey| —e|—en | € 0 0 0 | en 1 [—ey| O e,
e, 0 0 0 0 |—-epn| e | —e |—epn| O 0 0 |—es| e 1 0 e;
€ |—en| e | e | en | —1 e | e || —€ | —€| —e|—ey|—en|—es| 1 €4
€y | €n [—€n| € | —ey| e | -1 | e |[—en| —1 | en |—e| —es| e [—€s| € €41
€n | e | —es|—eyn| e | ez |—es| —1 | ey |—en| —1 | €3 |[—esn| —€s| €3 | € €4
€43 | €2 € | —e |—en| e | en |—ey| -1 | e |—exn| —1|es |—€n|—€| € €43

€ 0 0 0 0 (1 -1 € | —€3 0 0 0 — €31 €3 —€ 0 €3

€3 0 0 0 0 e |—€n -1 €3 0 0 0 —€3 [—€31] € 0 €3

€ 0 0 0 0 C; €31 | — €23 -1 0 0 0 (9 — €1 [—€371 0 €

€y | —€ | -1 | ey [—e3|—eqy|—€s| esn €| €321 | —€5| € 1 |—esn| e | €3 | €ns

€ | —€|—en| —1 | en |—epn|—esn| —€ | ens | € |eyn | —e | es 1 |—eq| €5 | €

e | —es| e |—exn| —1 [—e;| en [—epms|—e | —e | e | en |—en| ey 1 € | €12

€321 0 0 0 0 -1 € (%) (2} 0 0 0 —€x3|—€3(|—€2 0 €371

1 1 € € €3 €4 €4 | € | €3 | €3 | €31 | €0 | €03 | €431 | €412 | €301 1




Geometric Product

» Geometric product in 4D space fixes the origin
« Cannot perform transformations we want

» Geometric antiproduct performs Euclidean isometries
» Uses sandwiching similar to quaternions

Sec. 3.5



Proper Euclidean Isometries

translation

> 0

A A

rotation

(/Q




Improper Euclidean Isometries

general rotoreflection reflection Aj inversion




Reverse and Antireverse

* Reverse U multiplies vectors in reverse order
* (with geometric product)

* Antireverse u multiplies antivectors in reverse order
* (with geometric antiproduct)

u 1 € € €3 €4 €11 | €0 | €43 | €3 | €31 | €n | €423 | €431 | €412 | €321
u 1 € € €3 €4 | —€4 | =€ | —€43| —€p3 | —€31 | =€ [~ €s23|—€431|— €412| — €321
u 1 |—e | —e|—e | —es|—€eqy|—€n|—€n|—€xn|—€3|—€n| €ns | €31 | € | €32

Sec. 3.4



Geometric Antiproduct

« Sandwiches with geometric antiproduct perform
Euclidean isometries

* Motor = MOtion operaTOR

 Flector = reFLECtion operaTOR




Motor

 General form of a motor:

- Qrt 1016 0rt 1 0utOns 0+t 10

Rotation Quaternion Moment and Displacement

« Performs any combination of rotations and translations

u=QvuvqQ

Sec. 3.6.1



Motor

Q=expy [(d1+¢l)VI]=1Isinp—1"5cosp—Jsing+1cos g




Flector

 General form of a flector:

Point Plane

* Performs any combination of rotoreflections

Sec. 3.7.1



Flector

F=psmp+gcosgp




Motor-Point Transformation

« 25 multiply-adds:
p;cyz — pxyz +2 (vaa TVXa-— Qmwpwv)
Pw = P

V:(vaa vaa sz)
m :(mea mea sz)

A=VXP,, +p,m

« 3x4 matrix transformation only requires 12 multiply-adds

Sec. 3.6.5



Motor-Line Transformation

* 54 multiply-adds:
ly=1,+2(0,a+vxa)

In =In+2[0ma+0,, (b+c)+vx(b+c)+mxa]
a=vxl, b=vxl, c=mxl/,

* 6X6 matrix transformation only requires 27 multiply-adds




Motor-Plane Transformation

« 35 multiply-adds:
g =8y +2(0a+vxa)

g;v = 8w +2[(mxgxyz +Qmngyz)°V_va (m°gxyz)]
aZVXngZ

* 4x4 matrix transformation only requires 13 multiply-adds




Motor to Matrix

1-2(05+0%) 20,0, 20.0.c 2(0yOu: =000y ) |

Ago| 2040 1°2(Q+0QF)  20,0: 2(QuOnm - QuCn)

20,.0,. 20,0,.  1-2(05+05) 2(0uOnm —0yOn)

I 0 0 0 1 )
0 20:0m 2000w 2(OwOm — 0Oy )
By | 220 0 20u0u 2(0nCum = Qs Q)

_2QVyQVW 2vaQVW 0 2 (vasz - szQmw )
0 0 0 0

MQ =AQ+BQ M(_;:AQ—BQ




Motor Composition

* 48 multiply-adds:

QVR= (vava + O Ry + O Ry: —Oi-R,, ) €4
+ (vaRvy — O R + O R, + O, R, ) €4
+(OwRy: + OnRyy — O Ry + O R, ) €43
+( OBy = OuxRix — Oy Ry — Op2R,2 )1
+ (Qmevx + O Ry + Oy Ryz — Oz Ry + O Ry + O Ry + Oy Rz — Oy R,y ) €73
+(OQmwRiy = OumxRoz + Ouy Risw + Oz Ruxe + Qv Ry — OQux Rz + Oy R + Oz R ) €3
+ (Qmevz + Oy = Oy Ry + Oz Ry + Op Rz + O Ry — Oy Ry + Ohz Ry ) €
+( QR = O Rix = OmyRiy = Oz Ryz + Qi Ry = Qv Rie = Oy Ry = Oz Rz ) 1

« Composition of equiv 3x4 matrices requires 33 multiply-adds



Matrix Advantages

« Can represent more transformations

« Can read off origin and axis directions in transformed space
 Faster to transform objects

» Faster to compose




Motor Advantages

« Smaller storage requirements
« Usually 8 floats, but can reduce to 6

* [nversion is trivial
 Just reverse, negating bivector components

» Better parameterization

 Better interpolation properties



Conformal Geometric Algebra

» Adds two extra projective dimensions
* One is stereographic projection

« Can represent round objects
* With real, imaginary, or null radi

 Flat objects are round objects with infinite radius

Sec. 4.1



Round Point

* \Vector

e oo
Carrier Point Infinity

(whena, =a,=a,=a,=0)

Sec. 4.2.1



Dipole

e Bivector

Cocarrier Normal Cocarrier Position

Carrier Line Flat Point
(whend,, =d,, =d,, =du =d,, =d,. =0)




Circle

* Trivector

Cocarrier Direction Cocarrier Moment

Carrier Plane Flat Line

(when cg =gy =€y, =€y =0)




Sphere

e Quadrivector

s=-+—,

Carrier Space Flat Plane
(when s, =0)




Operations

« Contains all operations from projective algebra
* Plus many conformal operations as well

Sec. 5.1



Circle Rotations

Real Circle / Elliptic Rotation Imaginary Circle / Hyperbolic Rotation
R=csin¢+1cos¢ R =csinh ¢ +1 cosh ¢

s~/
A\

Null Circle / Parabolic Rotation
R=¢c+1

Sec.5.1.3
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