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About the Speaker

* Virginia Tech mathematics alumnus, B.S. 1994, M.S. 1996
UC Davis computer science, Ph.D. 2010

Working in industry since 1994 (former Sierra, Apple, Sony)

Developing algebraic models for about 15 years

Occasionally teaches computer graphics

Writes books about math and real-time rendering

Mathematical typography expert

Projective Geometric Algebra
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A Vast Subject Area

* No hope of covering all the fundamentals in one hour

 This talk is an introduction that paints the big picture
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Grassmann / Clifford Algebras

* You've probably been using pieces of these algebras
already without realizing it

» Cross products

 Homogeneous coordinates (x, y, z, w)
* Planes (a, b, c, d)

 Plucker coordinates

« Quaternions




Cross Products

* Units of distance become units of area

(axa ay9 az) X (bx9 bya bz)

(aybz —ab,, a,b,—a.b,, a,b,— aybx)




Normal Vectors

 Cross product calculates normal of triangular face

P2

n :(Pl— Po)x(Pz— Po)




Normal Vector Transformation

* Normals don’t transform like ordinary vectors
* That's because they're something else called bivectors

n adj (M)

=
]
IO - [\)I

oS = O
—_ O O
| |
S
S




Homogeneous Coordinates

3D points are projections of 4D vectors




Homogeneous Coordinates

* Allows translations to be added to linear transformations




Planes

* 4D dot product with point p gives signed distance to plane g

p=(x,y,z,w)

g=(n,,n,n,,d)




Plucker Coordinates

* Implicit representation of a line in 3D space
 Has 6 coordinates, 3 for direction v and 3 for moment m

* Given homogeneous points p and q on the line,

\ :pwquz o quxyz

m = pxyz X quz

« Same results for any two points spaced same distance apart
* Information about specific points is eliminated




Points, Lines, Planes

* Lots of formulas for combining
geometries

 Discovered without knowledge
of bigger picture

* We can better explain where all
of these formulas come from

Formula

Description

A | {wip2—wyp;|p1xPp,} | Line through two homogeneous points (p;|w;) and (p,|wy).

B {P2—p1lP1x P2} Line through two points p, and p,.

C {v|pxv} Line through point p with direction v.

D {p|0} Line through point p and the origin.

E | [vxp+wm|—p-m] | Plane containing line {v|m} and homogeneous point (p|w).

F | [vxp+m|-p-m] |Plane containing line {v|m} and point p.

G [vxu|-u-m] Plane containing line {v|m}, parallel to direction u.

H [m|0] Plane containing line {v|m} and the origin.

I | {mxny|dn,—d,n;} |Line where two planes [n;|d,] and [n,|d,] intersect.

J | (mxn+dv|-n-v) |Homogeneous point where line {v|m} intersects plane [n|d].

K {wn|pxn} Line through homogeneous point (p | w), perpendicular to plane [n|d].
L [vxn|-n-m] Plane containing line {v|m}, perpendicular to plane [n|d].

M [wv|-p-v] Plane containing homogeneous point (p | w), perpendicular to line {v|m}.
N (v X m | V2) Homogeneous point closest to the origin on line {v|mj}.

o (—d n ‘ n2> Homogeneous point closest to the origin on plane [n|d].

P [m XV | mz] Plane farthest from the origin containing line {v|m}.

Q [—wp | p2] Plane farthest from the origin containing point (p | w).

R W Distance between two homogeneous points (p;|w;) and (p,|w,).
S vi-ms v, mj Distance between two lines {v;|m;} and {v,|m,}.

lvix v

T W Distance from line {v|m} to point p.

U H Distance from line {v|m} to the origin.

v n ”I:lﬂ— d Distance from plane [n|d] to point p.
W ld] Distance from plane [n|d] to the origin.




Quaternions

* A quaternion q represents a rotation in 3D space

ij =—ji =k
q=xi+yj+zk+w i2=j2=k2=—1 Jk=—kj=1i
ki=—ik=j

« Rotation through angle ¢ about axis a is

q =<sin§>a + cosg




Quaternions
* A quaternion rotates a vector v with the sandwich product

v =qvq’ V=vi+V,j+v.k
* g~ is the conjugate of the quaternion:

q =—xi—yj—zk+w




All Part of Same Algebraic Structure

* Non-vector result of cross product

* 4D homogeneous coordinates for points
* 6D Plucker coordinates for lines

* 4D plane representations

» Quaternions




4D Associative Projective Algebras

* 4D rigid exterior algebra
 Homogeneous representation of 3D geometry
* Points, lines, planes
 Join, meet, projection, norm, distance, angle

* 4D rigid geometric algebra
» Euclidean isometries in 3D space
» Rotations, translations, screw transformations
« Parameterization, interpolation




Exterior / Grassmann Algebra

* Wedge product A
« Combines dimensions of operands

 Vectors square to zero:
vVAV=0

* Antisymmetric on vectors:

anb=-bAa

Sec.2.11



Bivectors

* Wedge product of two vectors aand b
* Produces a new type of object

Sec.2.1.2



Bivectors

* Wedge product of two vectors a and b:

anb= (aybz - azby)(ez A es3) anb= (aybz — azby) €3
+ (asz — axbz) (33 AN el) + (asz — axbz) €3
+ (axby — aybx) (61 A\ ez) + (axby — aybx)elz

» Cross product appears!




Trivectors

* Wedge product of three vectors a, b, and ¢

c
a
b

arbAac

c
b
a

bAranc

Sec.2.1.3



Trivectors

* Wedge product of three vectors a, b, and ¢

a N b N\ C= (ClxbyCZ + ClbeC‘x + aszcy T axbzcy T aybxcz o azbycx)e123

 Determinant of 3 x 3 matrix with columns a, b, and ¢




Trivectors

» Wedge product of vector a and bivector b

a=a,e + Clyez + d €5
b = bxez3 + bye31 + bzelz

aAb= (axbx + ayby + azbz)e123

* Dot product appears!




3D Vector Space

Scalars S Magnitudes

Vectors xe;+ye, +ze; Directed lengths




3D Exterior Algebra

Scalars s1 Magnitudes
Vectors xe,+ye, + ze; Directed lengths
Bivectors Xe, +yes; +ze;, Directed areas

Trivectors LIDE Directed volumes




Pascal’s Triangle

0D

1D

2D

3D

4D

5D

Sec.2.1.4



Rigid Exterior /| Geometric Algebra

* Projective algebra with one extra dimension
« Contains points, lines, planes in 3D

« Can perform rotations, translations, screw transformations




- Type Values Grade / Antigrade

4D Exterior Algebra ™
Scalar 1 0/4 DDDD
€ II:II:II:I
* Extends 4D vector space Vectors : 1/3 HHEH
es=e, i |
 One scalar 1 RN EEH:
 Four vector basis elements Bivectors G =CNEs 519 HE:H

€3 =€, A e;
e Six bivector basis elements e e A 101(
. . €L, =€ NE,y III:II:I
 Four trivector basis elements

. €43 =€4 NEY NE; I:IIII
 One antiscalar 1 Tivectors/ | € =€ A€ Ae 1011
Antivectors €42 =€4 NE AEC, 3/1 IIDI
€30 =€3 NEy N € IIII:I
Antiscalar 1=e Are, Ane;Aney 4/0 IIII




Point

w=1
/ A /'P/
pPp=pi€+tp,€+p,€3+Pp,€y
. y
Position Weight X ‘/IA>

Sec.2.41



Special Points
* The origin is simply the point e,
» Point with zero weight lies at infinity in (x, y,z) direction

 Points at infinity in opposite directions are equivalent




Line

PAQ=(q.Py—P:qw)ea+(q,Pw—Dyqw) €0+ (4D —D-qw) €4
+(pyq.—p-q,)es + (P9, —Pq.)es + (Pg, —Py4.)en

—> =
8=

w = 1 1
I=1.ey+1[epn+l, €5+, exn+tl, e5+1,e;, i
: : Y
Direction Moment N /A)

l,-1.=0

Sec.2.4.2



Line Moment

» Contains position information




Lines at Infinity

* Line with zero direction lies at infinity

o0

= lmxe23 + lmye31 + lmzelz




Plane

I\ P= (Zvypz — Lz Py T me)e423 + (lvsz —hypr T lmy)e431
T (lvxpy o vypx + lmZ)e412 o (lmxpx + lmypy + lmzpz)e321

—> =

w=1
8 =8x€403 1T g,€431 T 8,€412 + &1€321 / M
Normal Position /L, y
X

Sec.2.4.3



Horizon

* Plane with zero normal lies at infinity: g,,€s,;
« Contains all points at infinity, all lines at infinity

* Given special name horizon

Origin Horizon
DUALITY —
€4 €4

= The point with coordinates (0, 0,0, 1) contained = The plane with coordinates (0,0, 0, 1)
by all planes passing through the origin. containing all points at infinity.




4D Exterior Algebra

Scalars s1 Magnitudes
Vectors xe;+ye,+zes+wey Points
Bivectors v.e, +v,esn+Vv.€43+m €3+ m €3 +m,.ep, Lines
Trivectors gr€43+ g,€431+ g.€410 + Z,0€37 Planes

Quadrivectors Al Magnitudes




Complements

« Complement inverts full / empty dimensions
* Right complement denoted by overbar

* Left complement denoted by underbar

* For basis element u,

usru=1 urnu=1
u € € €; €4 €41 | € | €43 | €3 | €31 | €2 | €403 | €431 | €412 | €321 1
u €03 | €431 | €412 | €321 [ —€23 | —€31 | —€C12 | —€41 | —€42 | —€43| —€1 | =€ | —€3 | —€4 1
u 1 |—eqps|—e€si|—esn|—€ni|—€xn|—€3 | —€n|—€q|—€epn|—€n| € € ] €4 1

Sec. 2.2



Antiwedge Product

* Antiwedge product denoted by Vv

Wedge Product
DUA
anb

= Combines the dimensions that are present
in a and b.

= Result has grade gr(a)+ gr(b).

= Result has antigrade ag(a) + ag(b) —n.

Antiwedge Product
LITY
avb

= Combines the dimensions that are absent
in a and b.

= Result has grade gr(a) + gr(b)—n.

= Result has antigrade ag(a) + ag(b).

Sec. 2.3



De Morgan Laws

* Every operation with ‘anti’ in its name satisfies a
De Morgan law:

avb=aAb aVvb

I
&

>
=3

 To calculate anti-operation,
« Take a complement of each input
« Perform the regular operation
» Take opposite complement of the result




4D Exterior Product

Wedge Product aAb

Pl 1 e | e | e | e |en | en | e | exn| e | en|ens| e |emn|en| 1
1 € | € | € | € | €y | €n | €53 | €3 | € | € | €| €4 | €4n | €3 | 1
e | e 0 | ey |—e€5|—€sn]| O |—esn| € [—€39] O 0 1 0 0 0 0
€ e |—en| O €n [—en|em| 0 |—en| O |—ep| O 0 1 0 0 0
€; €; ey |—eyn| 0 |—es|—en|en| O 0 0 |—es| O 0 1 0 0
€, €4 | € | € | €43 0 0 0 O |emps | €| O 0 0 1 0
eg | e | O | ey |—eym| O 0 0 O |-1|0 0 0 0 0 0 0
€n | en |—€mn| O |ens| O 0 0 0 O (-1] 0 0 0 0 0 0
€5 | € | € |[—€ns| O 0 0 0 0 0 O -1]0 0 0 0 0
€s | ex [—ex| O 0 e | -11] O 0 0 0 0 0 0 0 0 0
e | e | O [-exn| O |es | O | -1] O 0 0 0 0 0 0 0 0
ep |en| O 0 |—-ex|em| O 0O |-1] 0 0 0 0 0 0 0 0
€ |ems | -11] O 0 0 0 0 0 0 0 0 0 0 0 0 0
€si|e€xn | O | -1 O 0 0 0 0 0 0 0 0 0 0 0 0
€nl|en| 0 0O |-1]20 0 0 0 0 0 0 0 0 0 0 0
ey | e | 0 0 O |-1]0 0 0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
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Join

* Wedge product performs join operation

* Produces higher-dimensional object containing both operands

Join Operation

Illustration
Line containing points p and q.
q
pAq= (pwqx _pXQW)eM + (pyqz _pzqy>e23 /I.)/O/’
_ _ PAq
+ (pwqy prw) €+ (pqu pxqz) €3

+ (pw‘Iz _pzqw)e43 + (pqu _pyqx)el2

Plane containing line / and point p.

l/\ pP= (lvypz - lvzpy + lmxpw)e423 l/\p

+ (lvxpy - lvypx + lmzpw>e412

- (lmxpx + lmypy + lmzpz) €3]

Sec. 2.5



Meet

* Antiwedge product performs meet operation
* Produces lower-dimensional object at intersection of operands

Meet Operation Ilustration

Line where planes g and h intersect. F
g\/h:(gzhy_gyhz)e4l +(gxhw_gwhx)e23 .’
+(gxhz_gzhx)e42 +(gth_gwhy)e31 a g\/h

+ (gyhx - gxhy)e43 + (gzhw - gwhz)eIZ

Point where plane g and line / intersect.

gV l:(gzlmy_gylmz +gwlvx)el ‘ l
+ (gxlmz - gzlmx + gwlvy) €
+ (gylmx - gxlmy + gwlvz)e3

- <gxlvx + gylvy + gzlvz>e4




Line Crossing

* Sign of wedge product between lines gives crossing orientation

I A /A

fVik=0 IVK <0




Line-Triangle Intersection

» Wedge product with all three edges of CCW-wound triangle
must be positive




Duality

* Every object can be interpreted as two different things
« Every operation performs two different actions
* One interpretation corresponds to regular space

* The other interpretation corresponds to antispace

Sec. 2.6



Duality

homogeneous point

/ (Pr>Pys D2 D)
. .
1/r v /
/ z w=1

homogeneous plane
(PesPysPos D)

—> =




Exomorphisms

* Given an n X n linear transformation m that operates on vectors

* The exomorphism M is the 2" x 2" matrix that operates on the
whole algebra

« Exomorphism preserves structure under the wedge product:

M(a A b)=(Ma) A (Mb)

Sec. 2.7



Exomorphisms

* Matrix M is block diagonal

« Each block has columns given by wedge products of
columns of the original matrix m

* These are called compound matrices of m




1 e e €3 e; €4 €5 ey €3 €3 € €pn3eyy epeypn 1
R
' le—— scalar
HEERNR
EEEN <—— vector
EEE N
HEEBNR
HEEEEEN
HEEEEEN
M= uE =(;= uE <—— bivector
H B H E
HEEEEEN
HEEEEN
HEEBN
- =(rﬂ - <«—— trivector
= =
HEEBN
] B |— antiscalar

detm




{
[
4
1

0

1

0
0 0 O

Translation Exomorphism



Nonuniform Scale Exomorphism

(s, 0 0 0]
0 s, 0 O
m =
0O 0 s, O _
0 0 0 1 s 0 0 O 0 0
i i 0 s, 0 O 0 0
c 0O 0 s, O 0 0
M= 0 0 ss 0 0
O 0 0 0 s, O
O 0 0 O 0 s,
- sys, 0
c 0 s.8,
3(m) = 0 0
0 0




The Metric Tensor

* n xn matrix that defines dot products of vectors

1 0 0 0 e -e =+1
101 0 0 e, e,=+1
9510 0 1 0 ey e;=+1

00 0 0 e, e,= 0

Sec. 2.8.1



Metric Exomorphism

* The metric tensor is a linear transformation

* [t can be extended to a 2" x 2" matrix G that applies to
entire exterior algebra

- There is also an antimetric that satisfies Gu = Gu = Gu

Metric DTALITY Antimetric
G G

= [s an exomorphism such that = [s an antiexomorphism such that
G(a Ab)=Ga A Gb. G(aVb)=GaV Gb.

Sec. 2.8.2
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Bulk and Weight

* Bulk uge = Gu All components without factor e,

* Weight u, = Gu All components with factor e,

Bulk Weight
DUALITY
Ug Ug

= Selects components of u without a factor of e,,. = Selects components of u with a factor of e,

= Contains positional information about u. = Contains directional information about u.

= Zero bulk means u contains the origin. = Zero weight means u is contained in the
horizon.

Sec. 2.8.3




Inner Products

» Dot product defined by metric: a+b=(a'Gb)l
* Antidot product defined by antimetric: aob= (aTGb)ﬂ
 Satisfies De Morgan law: acb=ae-b
Dot Product Antidot Product
DUALITY
aeb < > aob
= Defined as (aTGb>1. = Defined as (aTGb)IL
= [nner product between bulks. = [nner product between weights.

Sec. 2.9



Bulk and Weight Norms

* Two dot products induce two norms

* Bulk norm: July=vueu
 Weight norm: Jul,=vu-u

« Can generally have arbitrary values for same geometry
due to homogeneity

Sec. 2.10.1



Bulk and Weight Norms

Type Bulk Norm Weight Norm

Point p pl,= 1\/p§ +p,+p? pl,=Ip./1

Line I =112+ B+ 2. | =122+ I+ I
Plane g gly=1lgwl1 g|o=]1\/g§+gi+g§




Unitization

* An object is unitized when its weight has magnitude one

Type Definition Unitization
Point p p=p.€e +p,e,+p.e3+p,e, pu=1

Line l l: lvxe41 + lvye42 + sze43 + lmxe23 + lmye31 + lmzelz l\%x + ny + Z‘%Z = 1
Plane g 8=8,€4231+8,€431 1T Z-€4120+ £1v€321 gi+g§+g§=1

Sec. 2.10.2



Geometric Norm

* Bulk and weight norms by themselves not very meaningful
« But add them, and result is a homogeneous magnitude

» Represents distance from origin

 Called the geometric norm

[uf|=ullq +]lul,=Vuesu+vuou

« Two-component quantity, sum of scalar and antiscalar s1+ 71
« Can be unitized by making weight one

Sec.2.10.3



Geometric Norm

Type Geometric Norm Interpretation
2 2 2
= X + + z . . . .
Point p Ip||= \/p |;y| P Distance from the origin to the point p.
| R By
Line / 12]|= —— Perpendicular distance from the origin to the line /.
Vit I+ I
Plane g gl = - |gW2| = Perpendicular distance from the origin to the plane g.
Jetgit gl




Euclidean Distance

Distance Formula Ilustration
Distance d between points p and q. q
f/o
d(P, @) =||dg=Pw = Poy=q]| 1+] Pu1 d
Perpendicular distance d between point p and line /. p
d

d(pa l) = ||lv X pxyz +pwlm||1 + ”ple“]]‘

Perpendicular distance d between point p and plane g.

1

d(p,g)=(p-g)1+|p.gy-

Perpendicular distance d between skew lines / and k.

d(LK)=—(1l, - K+ L - k) 141, x Ky |1

Sec. 2.11



Euclidean Angle

Angle Formula

Illustration

Cosine of angle ¢ between planes g and h.

cos ¢(g,h) = (g, - hy.)1+[g] [,

h

cos ¢ (g, 1) =g x L] 1+ gl ]I,

Cosine of angle ¢ between plane g and line /.

Cosine of angle ¢ between lines / and k.

cos ¢(L, k)= (L, - ky) 1+ k]

Sec.2.13.3



Bulk and Weight Duals

* Multiply by metric or antimetric, then take complement

Bulk Dual Weight Dual
N DUALITY "
u u

= Defined as Gu. = Defined as Gu.
= Gives the dual of the bulk components of u. = Gives the dual of the weight components of u.

u 1 € € €3 €4 €4 | €0 | €43 | €3 | €31 | €2 | €103 | €431 | €412 | €32 1
U | 1 |ens | € |en| O] 0 [ 0| 0 |—ey|l-en|—esf 0| 0| 0 [-e| O
Uy 1 |-esps|—eqsi|—eqn| O 0 0 0 |—ey|—ep|—es| O 0 0 €4 0
u | 0 0 0 0O | ey |—exs|—e|—en| O 0 O |—-e |—-e |—e]| O 1
uy, | O 0 0 0 |—en|—es|—e;|—en| O 0 0 e | e | e; 0 1

Sec.2.12




Hodge Dual

* Right bulk dual is equivalent to Hodge dual

u* =Gu
* For a and b with same grade,

aAb*=(a+b)l




Interior Products

* Two exterior products combined with two duals
 Eight interior products using right and left duals

* Bulk contraction aVvb* b,Va
 Weight contraction avb* b,Va
* Bulk expansion aAb* b, Aa

« Weight expansion aAb” b, Aa

Sec. 2.13



Interior Products

* Right and left interior products differ by grade-dependent sign:

b \va= (_ l)gr(b)[gr(a)+gr(b)]a v b

b.Aa=(- l)ag(b)[ag(a)+ag(b)]a Ab*

* Here, * Is either % or ¢

* Really need only four interior products




Interior Products

* Interior products reduce to inner products for same grade:

avb*=ae«b,
avb =(acb)Vvl,
aAb*=aob,

aAb*=(asb)Al,

when gr(a)=gr(b)
when gr(a)=gr(b)
when ag(a)=ag(b)

when ag(a)=ag(b)



Contraction and Expansion

» Subtract grades or antigrades

Contraction STALITY Expansion
aVvb* anb”

= Decreases the grade of a by removing the = [ncreases the grade of a by adding the subspace
subspace spanned by b. not spanned by b.

= The result is a lower-dimensional object that is = The result is a higher-dimensional object that
contained by a and is orthogonal to b. contains a and is orthogonal to b.

= The grade of the result is gr(a) — gr(b). = The antigrade of the result is ag(a) —ag(b).




Weight Expansion

_pwgye42 + (pxgz _ngx) €31
—Pw8:€43t (pygx _pxgy>e12

Expansion Operation Illustration
Line containing point p and orthogonal to plane g. prg”
* p
PAE =—pug€at (ngy _pygz) €23
g

Plane containing point p and orthogonal to line /.

p A l* = _pwlvxe423 _pwlvye431 _pwlvze412

+ (pxlvx +pylvy +pzlvz) €321

|

Plane containing line / and orthogonal to plane g.

Ing*= (lvygz - lvzgy) €423
+ (-8~ 1282) €431
+ (lvxgy - lvygx) €412
- <lmxgx + b8y + lngz>e321

Sec. 2.13.5



Orthogonal Projection

Projection Operation Ilustration

Orthogonal projection of point p onto plane g.

gV (prg)=(gi+g +8)(peei+p 02+ p.es+p,e,)
—(gepe+ 8Py + 8.0+ 2uDy)(g 01+ g 0+ g 3)

Orthogonal projection of point p onto line /.
Iv (p A lﬁ) = (lvxpx + lvypy + lvzpz)(lvxel + lvyeZ + lvze3)

+ (lvylmz - lvzlmy>pwe1 + (lvzlmx - lvxlmz>pwe2

+ (lvxlmy - lvylmx>pwe3 + (lfx + lvzy + l\%z)pwe4

=
o<—O0'T
[c]
—~—

Orthogonal projection of line / onto plane g.

g\/(l/\ g*>:<g;2c+g§+g§)(lvxe41+ Lyes+1,.e43) l ////
_(gxlvx+gylvy+gzlvz>(gxe4l+gye42+gze43> “7
+(gxlmx+gylmy+gzlmz>(gxe23+gye31+gze12> L. .

g

+ (gzlvy - gylvz>gwe23 + (gxlvz - gzlvx>gwe3l
+ (gylvx - gxlvy)gweIZ

Sec.2.13.6




Support

* Orthogonal projection of origin onto line or plane
« Support is point closest to origin contained by object

Sup (l) — (lvylmz o lvzlmy)el + (lvzlmx o lvxlmz)eZ + (lvxlmy o lvylmx)e3 + 1364

SUP (8) = —£,8.,€1 — 8,82 — 8:8v€: + (g1 + 8, + 8- ) €4




Geometric / Clifford Algebra

» Geometric product aAb
» Geometric antiproduct avb

* We use upward and downward wedge with dot inside
* “Wedge-dot” and “Antiwedge-dot”

* G.P. historically denoted by juxtaposition without symbol
 But duality gives us two products that need distinguishing

Sec. 3.1



Geometric Product and Antiproduct

 Vectors square to inner product instead of zero
* Product satisfy the usual De Morgan law

avVb=aADb
Geometric Product Geometric Antiproduct
DUALITY
anb avb
= Vector v squares to dot product v « v. = Antivector v squares to antidot product v o v.
® Includes wedge product A. * Includes antiwedge product V.
= [dentity is scalar 1. = [dentity is antiscalar 1.




Geometric Products

 For vectors a and b:

aAnb=aAnb+aeb

 For antivectors a and b:

avb=avb+ac-hb




Geometric Products

 For vector a and arbitrary B:

aAB=aAB+Bva*

 For antivector a and arbitrary B:

avB=avB+BAa®




Geometric Products

* In general, there are more terms for A and B with higher grades

* In 4D algebra, arbitrary A and B multiply as

~

AANAB=AAB+AxB+A-+B

T

commutator product
AXB:%(A/\B—B/\A)




4D Geometric Product

Geometric Product aAb

a b 1 € () €3 €4 €4 | €4 | €43 | €3 | €31 | €2 | €43 | €431 | €412 | €321 1
1 1 € € €3 €4 €4 | € | €43 | €3 | €31 | €10 | €423 | €431 | €412 | €321 1
€ € 1 € | —€31| —€41| —€4 [—€412| €431 [— €321 —€3 | € 1 €43 | —€4 | —€23| €423
€ e [—ep| 1 €x |—€pn| ey | —€ |—epns| e |—exn| —e [—e;s| 1 €4 | —€31| €431
€3 €3 € |—€n| 1 |—en|—€ni| en | —€|—€e| € [—€n]| en [—ey| 1 |—en|emn
€4 €4 €4 | €4 | €43 0 0 0 0 | esns | €4 | €2 0 0 1 0

€4 | €4 e | e |—es| O 0 0 0 —1 |—es| e 0 0 |—ems| O
€ | € |—€412| €4 | €423 0 0 0 0 e | -1 |—ey| O 0 0 |—es| O
€43 | €43 | €431 |— €423 €4 0 0 0 0 |—en| ey | -1 0 0 0 |-em| O
€n | exn [—eni| —e;| e | e | -1 [—es| en | -1 |—en| e | —es |—eqn| €43 | € €4
€31 | €51 €; €| —e | e | en | -1 [—ey| en | -1 |—exn|emm|—e |—en| € €4
en | en |—e | € |—en| e |—en| ey | -1 [—e5| en | —1 |—es| €3 | —€4| €5 €43
€ | ens | -1 |—es| ep 0 0 0 0 | —ey|—eq| €4 0 0 0 €4

€pn | €n | es | -1 |—-ey| O 0 0 0 € | —€ |—eps| O 0 0 €4 0

€ | €40 |—€sn| €4 | -1 0 0 0 0 |—esi| ens |—e| O 0 0 €43 0

€ | € [—€xn|—€5|—en| —1 | €ens | €3 | €42 | € € e [—ey|—en|—es| -1 e
1 1 [—epns|—es|—€sn| O 0 0 O | ey | en | €3 | O 0 0 |—e| O




4D Geometric Antiproduct

Geometric Antiproduct avb

a bl 1 € € €3 €4 €41 | €4 | €43 | €3 | €31 | €p | €423 | €431 | €412 | €37
1 0 0 0 O |ep | es| e | en| O 0 0 e | e | e 0
e | O 0 0 0 |—exn|—en| € |—e | O 0 1 |—ep| e | O | ¢
e | O 0 0 0 |—e3|—e|—e| e | O 0 O [ex| 1 |—ex| 0 | e
€3 0 0 0 0 |—en| € | —€ |—e;| O 0 0 |—ey| es | 1 0 e
€ |—en| ex | e | en | —1 [ e | en |en|—€ | —€e| —e|—ey|—en|—es| 1 €4
€ | €xn |—€n| € | —e | e | -1 | e |—epn| —1 | e [—e|—€e| e |—€sn1| € €4
€n | e | —e|—en| e | e [—en| -1 | ey |—en| —1 | exn [—eqn| —€s| €3 | € €4
€43 | €2 € | —e |—en | e | en |—en| -1 | e [—ex| =1 | e [—€ns|—€| € €43
es | O 0 0 0 e, | -1 e, |—ey| O 0 0 [-e;| €5 [—€e| O | ex
e; | O 0 0 0 e |—-en| -1 | es| O 0 0 | —e;|—en| € 0 | ey
e | O 0 0 0 | es | ey |—ex| —-1] 0 0 0 [ e |—e |—ex| O | ep
oy | —€ | =1 | en |—ey|—€ey|—€s| €y [—€si| €31 | —€5 | € 1 |—esn| en | € | €
€ | —e|—en| —1 | en |—en|—esn| —€ | en; | € | e | —e | es 1 |—ey| €3 | e
e | —€ ] e [—exn| —1 |—es| e |—ems| —es | —€ | e | en |—en| ey 1 € | €2
e | O 0 0 0O |[-1] e | e | e | O 0 0 [—ex|—es|—en| O | ey
1 1 € € €3 €4 €4 | €40 | €43 | €3 | €31 | €5 | €423 | €431 | €412 | €321 1




Proper Euclidean Isometries

translation

> 0

A A

rotation

Sy \




Improper Euclidean Isometries

general rotoreflection reflection inversion




Geometric Product

« Geometric product in 4D space fixes the origin
« Cannot perform transformations we want

« Geometric antiproduct performs Euclidean isometries
» Uses sandwiching similar to quaternions

Sec. 3.5



Plane Reflection

« Sandwich antiproduct with plane g performs reflection:
u'=gvuveg
* Multiple reflections stack outward from u:
u'=(hvg)vuv(gvh)

 Basis for all Euclidean isometries

Sec. 3.51



Reverse and Antireverse

* Multiply vector or antivector factors in reverse order

Reverse Antireverse
~ DUALITY
i u

= Reverses the order in which the vector factors = Reverses the order in which the antivector
of u are multiplied under the wedge product. factors of u are multiplied under the
) ) antiwedge product.
= Changes sign when the grade of u is 2 or 3 &P
modulo 4. = Changes sign when the antigrade of u is 2 or 3
modulo 4.
u 1 € € €; €4 €41 | €2 | €43 | €3 | €31 | €2 | €423 | €431 | €412 | €329

1 € € €3 €4 | €41 | €4 | —€43| —€23| — €31 | — €12 |~ €Cun3|— €431 |— €412 — €321

= (=1}
k.
|
o
|
(¢
[\]

|
(¢~
(98]

|
(¢}
N

|
(¢
=

—€4 | —€43| — €23 | —€31 | — €12 €423 | €431 | €412 | €329




Rotation about a Line

* Let g and h be planes meeting at an angle ¢

« Reflection across g followed by h is rotation through 2¢
about line I where planes intersect

_ hvg 1A
|hv g

Sec. 3.5.2



Rotation about a Line

» Planes multiply together under geometric antiproduct to form
rotation operator R

p'=hv(gvpvg)Vvh
p'=RvpVvR

R=hvVvg




Rotation about a Line

» General form of rotation operator R:

R=1Isin¢g +1cos¢

 Rotates through angle 2¢ about unitized line /

u=RvuVvR

~

* Rotates any geometry and even other operators



Translation

* If planes g and h are parallel, result is a translation

 Translation goes along normal direction by twice the
distance 6 between the planes

26 * 0

Sec. 3.5.3



Translation

* General form of translation operator T:

T = 7,€723 + Tye31 +7,€1H + 1

 Translates by displacement vector 2t

u'=TvuvT

* Translates any geometry and even other operators




Euclidean Isometry Operators

« Sandwiches with geometric antiproduct perform
Euclidean isometries

* Motor = MOtion operaTOR

 Flector = reFLECtion operaTOR




Motor

 General form of a motor:

Q — vae41 + vae42 + sze43 + va]1 T mee23 + mee31 + QmZeIZ + Qmw1

Rotation Quaternion Moment and Displacement

* Performs any combination of rotations and translations

u'=QvuvQ

Sec. 3.6.1



Motor

Q=exp,[(61+¢1) v I]=Ising —I*dcos¢—Fsing + 1cos ¢




Flector

 General form of a flector:

F = prel =+ prez + FpZe3 + pre4 + nge423 + nge431 + nge412 + Fgwe321
Point Plane

* Performs any combination of rotoreflections

Sec. 3.71



Flector

F=psing +gcosg




Motor Parameterization

* A motion operator is parameterized by:
* Aunitized line |
* Arotation angle ¢
« A displacement distance 6

* Exponential with respect to geometric antiproduct:

Q=exp,[(d1+¢1) v I]=Ising —I*dcos¢— Fsing + 1 cos ¢

* 01+ ¢1 is pitch of screw transformation

Sec. 3.6.2



Motor Parameterization

» Given arbitrary motor Q, can calculate parameters

Q — vae41 + vae42 + sze43 + va]1 + me623 + mee31 + QmZeIZ + Qmwl

Q=exp,[(61+¢1) v I]=Ising —I*dcos¢—Fsing + 1cos ¢

S=Sin¢=\/1—ng 5:_Qmw ¢=tan1< S )
s O

| 1 vw = mw
lV - vayz Im - (meyz + Q g vxyz)
S A) S




Operator Norms

» Geometric norm of operator is half the distance origin
IS moved by the operator

QI =1/Q% + Q% + Q% + Q% + 1,/ OL + Q% + 0% + 02,




Motor Interpolation

 To interpolate from motor Q, to motor Q,, first calculate
Q=Q,vQ;'=Q,VQ

* Then calculate parameters I, §, and ¢ for Q,

* Interpolate from identity 1 to Q, with
Q(?) =exp,[t(01+ ¢1) v I|=1sin(t¢) — I"t6 cos (td) — tJ sin (tp) + 1 cos (1¢)

- Finally, calculate Q(z) Vv Q,




Motor Interpolation

* That can be computationally expensive

« Approximate interpolation is often acceptable:
Q()=(1-1)Q+1Q;

 This needs to be unitized and constrained

Q QV Qm | QV Qm
1+ Q - vx + U, + /), + 0,
”Qv” ( QV ) ||QV||{ Qv (Q e+ e3+ 0.+ )




Square Root of Motor

» Special case of interpolation from 1 to Q when t=1/2

Y _ Q+]1 . . Ql
ﬁ_\/zugnv(ﬂ 2+2Qﬂl>

* For simple motor (pure rotation or translation), this simplifies:

. Q+1
\/Q:
Ve |Q +1j,




Line to Line Motion

 Let k and I be lines separated by distance o with
angle ¢ between directions

» Operator /v k rotates by 2¢ and translates by distance 20
about line f connecting closest points

« Square root of this operator A f
transforms line k into line / !

Sec. 3.6.3



Motor-Point Transformation

« 25 multiply-adds:

p)'cyz — pxyz + 2(vaa tvXxa-— Qmwpwv)
D =Dy

V= (vaa vaa sz)
m = (mea mea sz)

a=vVXxp,, +p,m

« 3x4 matrix transformation only requires 12 multiply-adds,
(orjust9ifp,=1)

Sec. 3.6.5



Motor-Line Transformation

* 54 multiply-adds:
l.=1,+2(Q,,a+vxa)

=1, +2[0,a+0,,(b+c)+vx(b+c)+mxal]

a=vxl b=vxl, c=mx/[,

* 6x6 matrix transformation only requires 27 multiply-adds




Motor-Plane Transformation

« 35 multiply-adds:
ga’cyz =8z T 2(vaa TV X a)

gv’v = 8w 2[(111 X Eyz T Qmngyz) "V va(m ) gxyz):l

A=V X 8xyz

* 4x4 matrix transformation only requires 13 multiply-adds




Motor to Matrix

1-2(04+0%) 20,0, 20,0, 2(00,0m— 0,.0m)
Ag= 20,0, 1 - Z(Qﬁz + Qﬁx) 20,,0,. 2(0,, 0 = 011 O0z)
20,.0. 20,0..  1-2(05+05) 2(0u0m— 010

0 0 0 1

0 _2szva 2’vava 2(vame - vaQmw) ]
_ 2szva 0 _2vava 2(vame _ vaQmw)

_2va va 2vava 0 2 (vaQmZ _ sz Qmw)
0 0 0 0




Motor Composition

* 48 multiply-adds:

QVR= (vava + O+ OpR,.— O,.R vy>e41
+ (va w— OuRy:+ Oy R, + OR x) €4
+ (vasz + QR — O R+ O, R vw) €43
+(QwRy = QR — O R, — O.R,.)1
+(QmiRox+ OuxRyy + Oy Rz = Qe Ry + QR+ QiR + O R, — O12R 1) €03
+(QumiRoy = OucRyz + Oy Rons + Qe R+ O Ry = QR + O\ R+ O1.R ) €3
+(QmwRyz+ QuRiy = Oy R+ QR + O Ry + QiR — Oy Ry + OsR ) €12
+ (OB = OmcRox = Oy Ry = QR + QiR oy — QiR — Oy Ry + O1.R,2)1

« Composition of equivalent 3x4 matrices requires 33 multiply-adds



Motor and Matrix

Q — vae41 + vae42 + sze43 + va]]- + mee23 + mee31 + szelz + Qmwl

_ - 2<Q12/y + Q%z) 2(vava _ szva) 2(szva + vava) 2(vaQmZ - szme + vame - vaQmw) _
Mo 2000, +0.0,)  1-2(0L+0L)  2(000:=0u0u) 2(Cu:Oum— CuuQii + QO = Qs Qo)
(

2(01:00—0,0m) 2(0,0,:+0u00)  1-2(05+0%)  2(0uQuy = 0y Qi + Qi = 01200
0 0 0 |




Matrix Advantages

« Can represent more transformations

« Can read off origin and axis directions in transformed space
 Faster to transform objects

» Faster to compose




Motor Advantages

« Smaller storage requirements
« Usually 8 floats, but can reduce to 6

* [nversion is trivial
 Just reverse, negating six bivector components

» Better parameterization

 Better interpolation properties



Transformation

Groups

—

Geometric
° Product

E (n)

Euclidean r 1

——

Complement {M 0

Geometric
Antiproduct

)

M =
Euclidean [ 0 }

E(n)

1

e

/\ = \/

Orthogonal [

O(n)

M
0

- <&

SE (n)
Special R 0
Complement [ }
Euclidean v 1

Y

T(n)

A4

‘\\\ji::i___/‘\\\5:::i__,/“\\\d

SE(n)
Special R 7
Euclidean 0 1

—

¥
T(n)

I 7
Translation !

u'=XvuvX

Horizon fixed

Complement |I 0 SO( n)
Translation r 1
Special R 0
_ Orthogonal 0 1
u'=XAuAX
Origin fixed \
A4
A I(n)
o I 0
entity 0 1
Origin and horizon fixed
- J




Transwedge Product

» Generalization of exterior and interior products

aAb= > (g\/a)A(bvc*)

CEBk

aAb= > (exva)a(bvi)

CEBk

B, = set of basis elements of grade &




Transwedge Product

* Order 0 transwedge product is the exterior product:

aAb=aADb
0

* Order m transwedge product is the interior product,
where m is minimum grade of operands

. R b bva*, ifgr(a)<gr(b);
min (gr(a), gr(b)) b* V a, 1f gr (a) > gr (b) .



Transwedge Product

* Orders in between 0 and m, exclusive, are “liminal” products
* Neither exterior nor interior

» Geometric product decomposes into transwedge products as

aAb= (—l)k(k_l)/za Ab




Transwedge Product

Transwedge Products [Jaab [Jaab [J-anh [J-aasb [[Jaasb

a b 1 € € €3 €4 €4 | €42 | €43 | €3 | €31 | €2 | €43 | €431 | €412 | €323 1

1 1 € (%) €3 €4 €4 | € | €3 | €3 | €31 | €10 | €403 | €431 | €412 | €321 1

€ € 1 €2 [ —€31| —€4| —€4 |—€412| €431 [— €321 —€3 | € 1 €43 | — €42 | — €3] €423

(%) e [—ep| 1 €; |—€pn| €yn | —€ |—€ns| € |—exn| —e [—e;| 1 €4 | —€31| €431

€3 €3 € |—exn| 1 |—ep|—es3| ens|—e|—€| e |—eyn] en |—ey —€12| €412

€4 €4 €4 | €4 | €43 0 0 0 O |ens|€s|€mn| O 0 1 0

€4 | €41 e, | e |—esz| O

1
0

0 0 -1 |- €43 €4 0 0 0 |- €423 0
0

0
€ | € |=€C4n| €4 | €43 0 0 0 0 es | -1 |-ey| O 0 —es| O
0

€43 | €43 | €431 |—€423] €4 0 0 0 |—en| ey | -1 0 0 0 |—esf O

€ | € [—eni| —e| € [ en| -1 |—es| en | -1 |—en| €5 | —€ |[—€ur| €3 | € €41
€31 | €31 €; |—€n| —€ | eys | e | -1 |—ey| en | -1 [—exn|em | —€|—ens| € [ esp
en | en [—e | e |[—en| e |—en| ey | -1 [—e5| ex | —1 |—es| €3 | —€4| € €43

€y | ey | -1 |—esn| e 0 0 0 0 | —es|—eu| e 0 0 0 €41 0

€| €| e | -1 |—ey| O 0 0 0 | e |—€|—ens| O 0 0 €4 0

€ | €un |—€a| €y | -1 0 0 0 0 |—€sy| € |—€| O 0 0 €43 0

€1 | €1 [—€en|—€s|—en| —1 [ ens | e | €| € € e; |—eq|—en|—es| —1 €4

1 1 |- €423|—€431|— €412 0 0 0 0 €41 €4 €43 0 0 0 —€4 0




Transwedge Product

* In 4D algebra, we previously wrote

~

AANAB=AAB+AxB+A+B

* Now, we have something better:

AANAB=AAB+AAB—-—AAB
0 1 2

~AAB+AAB+A-B
1




Transwedge Product

* This means that the geometric product is just another operation
In the exterior algebra

« Every product / antiproduct in the exterior algebra, including the
geometric product, can be derived from 3 primitive operations:

 The wedge product A
« Taking of a complement a
 Application of the metric Ga




Transwedge Product

 Liminal products have
geometric significance

* In 4D rigid algebra, one geometric

combo conspicuously missing from
our tables

Join Operation

Tlustration

Line containing points p and q.

P AQ=(pud.—pgn)es +(Pya:—pa,)ex
+ (pwqy _pqu)e42 + (pqu _pxqz) €3]
+(Pug.— Pogw)es + (P, — Pod.)en

Plane containing line / and point p.

Inp= (lvypz —b.py+ lmxpw)e423
+ (lvsz —lyp-+ lmypw)e431
F(bapy = Ly Pi+ Lz Do) €412
- (lmxpx +luypy + lmsz) €3]

Meet Operation

Illustration

Line where planes g and h intersect.

g Vh= (gzh)’ - g}’hZ)eM + (gxhw _gwhx)eB
+(geh: = g:h)es +(g,h = guh,)es
+ (gyhx - gxhy)e43 + (gzhw - gwhz)eIZ

e

b

Point where plane g and line / intersect.

gV 1= (gzlmy - gylmz + gwlvx)el
+ (gxlmz - gzlmx + gwlv_v) €
+ (gylmx - gxlmy + gwlvz)e3
—(gdntgly+g.l.)es

A %

Expansion Operation

Iustration

Line containing point p and orthogonal to plane g.

pAg =—p.g.eu+(p.g,—pg:)ex
—Pugyen+ (Deg:—P:20) e
- pug:eus+(P,g:—pigy)en

*

PAg

Plane containing point p and orthogonal to line /.

PAT* =—p,less = Pwhyssi— pyli-€a
+ (pxlvx + Pyl +levz)9321

Plane containing line / and orthogonal to plane g.
Ing*= (lwgz - lvzgy) €423

+(hege— heg:) €3
+ (l\'xgy - l\ygx)e412

- (lm)rgx + gyt lm:gz) €31




Transwedge Product

 Calculate line f orthogonal to two skew lines I and k

f=Ivk ; A
1

» Uses transwedge antiproduct

 Needs to be reconstrained so that

f,-f =0




Transwedge Product

* f will generally need to be “constrained” so that 1, - f,=0
» This can be done by dividing by dual number /fVv {
« Equivalent to Gram-Schmidt orthonormalization

* This dual number norm arises from isomorphism

R*(3,0,1)=D*(3,0,0)




Spacetime Geometric Algebra

* Add time dimension e, that squares to -1

-1 0 0 0 O €y €)=—
O 1 0 0 O e e =+
g=0 0 1 0 O e, e, =+
0O 0 0 1 O e;-e;=+
0 0 0 0 0 e, e;= 0




Spacetime Geometric Algebra

 Position: r=cte,+xe +ye,+ze;+ ey
. dr : . :
* Velocity: u= " yce,+ yxe; + yye, + yze,
T
dt 1
y=L =

_Z_\/l—uz/c2




Relativistic Quaternions

* Operators in 4D algebra transfer to 5D algebra through
multiplication by e

« Quaternion rotation: q=9¢,€410*1 q,€420 + g ,€430 T qw]l 1= €01234
(1 [ -
q(T) — (axe410 + a,, €470 + Clze430) S11 5 y7:¢ + 1 cos 5 y7:¢ ¢ = d¢/dt

(l(T) = eXPv(%VW.l) l=a,es0+ a,esn+ a,es




Relativistic Quaternions

» Sandwich product q(z) v r v q(z) performs an instantaneous
rotation )

* Any physically meaningful motion must happen over some
amount of time

* Also must respect speed of light




Relativistic Quaternions

* General translation operator:

| : : .
T(T) = 5 ]/T(—Ce321 + X€730 +ye310 + Zelzo) +1

o Strictly temporal translation:

S(T) =1 - %yCTe321




Relativistic Quaternions

« Combine rotation and temporal translation:

Q(2)=q(1)v (n _ %ycreg,ﬂ)

Q(T) = (dxe410 + a, €420 + aze430) sin (% ]/T¢> + 1 cos (% yT¢>

1 cr(a e +a,e,+a e)sin(l T¢.>—l cre COS(l T¢>
2)’ x %1 yv2 z%3 2)/ 2)’ 321 2)’




Relativistic Quaternions

- Set 7=1/y

» Then q(7) v r v q(z) rotates r through angle ¢ and adds ct

to the time coordinate

. . . . 1
* Generically, s coordinates are q coordinates times —5yct

Q=g,es0tqg,emnotq.es30+qg,l+s,.€+s,e,+5.€3+5,€3




Relativistic Quaternions

« Operator Q is equivalent to 5 x 5 matrix

1 0 0 0 —2 (qxsx +q,8,+q.S.+ qwsw)
1-2q5-2q7  2(q.9,-qvq:) 2(49-4.+q.9q,) 0
2(q:q,+qwq:) 1-2q:-2q:  2(q,9-— 4.9) 0
0
1

0

0

0 2(q:9:-avay) 2(4,9:+49uq:) 1-242-2q,
0 0 0 0




Relativistic Quaternions

» Motor (dual quaternion) from 4D algebra becomes

d(t)—lsin<l T¢O>+]1cos<l r¢>—<l OI*A e )COS(l r&)—l e sin(l r¢)
= 2)’ 2)’ 2)’ 0 2)’ 2)’ 0 2)’

« Again multiply by temporal translation

D(r)=d(z) v (n _ %ycrem)




Relativistic Quaternions

D(7)=1Isin (% yr&) + 1 cos (% yrgﬁ) — (% v l* A e()) COS (% yr&) — % 7o e, sin (% yt¢.>

1 (1 . 1 .
——vyer|lsm| —yto |+ 1 cos| —yo ||V e
57 [ (2y ¢> <2V ¢>} 321

D=g.e40+q,€00+q-€s30+ g, 1+ mepo+m,es3o+m.epn,+m,e

+ 5,€1+ Sy62 + 5,€3+5,€30




Relativistic Quaternions

* Assuming weight one, norm of a relativistic dual quaternion is

||D||.=\/D-D=\/S§+S§+S§+Si—mi—mi—mﬁ—mi

. m,zc + mi + mﬁ + mfv IS square of half the distance a particle

starting at the origin is moved by D through space

1 . . .
o Syt 84St A5, = " y’c’t’ is square of half the distance through time




Relativistic Quaternions

* Norm is real precisely when particle moves at less than or equal
to the speed of light

||D||.:\/D-D:\/S§+S§+S§+Si—mi—mi—m§—mfv




Relativistic Quaternions

« Setting ¢': 0, D reduces to translation operator with norm

1 . . .
O R e S

« Setting dt =yr, dx=xdt, dy=ydt, and dz =z dt,

T(o)| =1 cdt’ —dx* —dy* — dz°
°* 7
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