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About the Speaker

« Computer Scientist / Mathematician

* Working in industry since 1994

* Developing algebraic models for about 15 years
» Occasionally teaches computer graphics

* Writes books about math and real-time rendering
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Conformal Geometric Algebra

conformalgeometricalgebra.org
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A Vast Subject Area

* No hope of covering all the fundamentals in one hour
 This talk is an introduction that paints the big picture

 Tutorial sessions today and Wednesday provide more details

* Mon, 4:50 — Foundations of Projective Exterior Algebra
* Wed, 3:20 — Foundations of Projective Geometric Algebra
» Wed, 4:20 — Applications of Geometric Algebra (Russell Carpenter)



Grassmann / Clifford Algebras

* You've probably been using pieces of these algebras
already without realizing it

» Cross products

 Homogeneous coordinates (x, y, z, w)
* Planes (a, b, c, d)

 Plucker coordinates

* Quaternions



Cross Products

* Units of distance become units of area

(axaayaaz)x(bxabyabz)

a,b,—a,b,, a,b, —a,b,, a.b, —a,b,
y y y — dy




Normal Vectors

 Cross product calculates normal of triangular face

P2

n=(p;—po)x(P2-Po)




Normal Vector Transformation

* Normals don’t transform like ordinary vectors
* That's because they're something else called bivectors

nadj(M)

=

]
IO o l\)l
oS = O
I’_‘ < OI

<




Homogeneous Coordinates

3D points are projections of 4D vectors

}V V:(vxavyavzavw)

A
S




Homogeneous Coordinates

* Allows translations to be added to linear transformations

My My My 1Ly, || p,

mizy mzy mzz L || P:




Planes

* 4D dot product with point p gives signed distance to plane g




Plucker Coordinates

* Implicit representation of a line in 3D space
 Has 6 coordinates, 3 for direction v and 3 for moment m

* Given homogeneous points p and q on the line,
V= pwquz o Qpryz
m=p,,; X{qx:

« Same results for any two points spaced same distance apart
* Information about specific points is eliminated



Points, Lines, Planes

* Lots of formulas for combining
geometries

 Discovered without knowledge
of bigger picture

* We can better explain where all
of these formulas come from

Formula Description
A | {wip2 —w,p; |p1 xp2} | Line through two homogeneous points (p; | w; ) and (p2 | w, ).
B {pP2—pi|p1 %P2} Line through two points p; and p,.
C {vlipxv} Line through point p with direction v.
D {p|0} Line through point p and the origin.
E | [vxp+wm|-p-m] | Plane containing line {v|m} and homogeneous point (p | w).
F [vxp+m|-p-m] | Plane containing line {v|m} and point p.
G [vxu|-u-m] Plane containing line { v| m}, parallel to direction u.
H [m]0] Plane containing line { v|m} and the origin.
I | {nyxn,|dn,—d,n;} | Line where two planes[n, | d; ] and[n; | d, ] intersect.
J (mxn+dv|-n-v) | Homogeneous point where line { v|m} intersects plane [n|d].
K {wn|pxn} Line through homogeneous point (p | w), perpendicular to plane [n | d].
L [vxn|-n-m] Plane containing line { v | m}, perpendicular to plane [n|d].
M [wv|-p-v] Plane containing homogeneous point (p | w), perpendicular to line {v |m}.
N (v xm | v? ) Homogeneous point closest to the origin on line { v |m}.
(0} (—dn |n? ) Homogeneous point closest to the origin on plane [n | d].
P [m xv|m? ] Plane farthest from the origin containing line { v |m}.
Q [-wp| p’ ] Plane farthest from the origin containing point (p | w).
R W Distance between two homogeneous points (p; | wy ) and (p, | w2 ).
S |71 -z +, -m,| Distance between two lines { v, |m; } and {v, [m, }.
[vixv2|
T 7“‘] XHIq‘rmH Distance from line { v|m} to point p.
U % Distance from line { v|m} to the origin.
A% % Distance from plane [n|d ] to point p.
w lal Distance from plane [n | d ] to the origin.

(]l




Quaternions

* A quaternion g represents a rotation in 3D space

ij=—ji=k
q=xi+)yj+zk+w i*=j=k*=-1 Jjk=—kj=i
ki=—ik=]

« Rotation through angle ¢ about axis a is

_[sin? ¢
q—(mnz)a+am2




Quaternions

* A quaternion rotates a vector v with the sandwich product
vV =qvq V=vi+v,j+Vv.k
* q” is the conjugate of the quaternion:

q=—xi—yj—zk+w




All Part of Same Algebraic Structure

* Non-vector result of cross product

* 4D homogeneous coordinates for points
» 6D Plucker coordinates for lines

* 4D plane representations

» Quaternions



4D Projective Algebras

* 4D rigid exterior algebra
 Homogeneous representation of 3D geometry
* Points, lines, planes
 Join, meet, projection, norm, distance, angle

* 4D rigid geometric algebra
» Euclidean isometries in 3D space
» Rotations, translations, screw transformations
« Parameterization, interpolation



Exterior / Grassmann Algebra

* Wedge product A
« Combines dimensions of operands

 Vectors square to zero:
VAV=0
* Antisymmetric on vectors:

aAb=-bAa

Sec.2.11



Bivectors

* Wedge product of two vectors aand b

Sec.2.1.2



Bivectors

* Wedge product of two vectors a and b:

aAb=(a,b,—ab,)(e;Ae;3)
+(a,b, —ab,)(e; Ney)
+(acb, —a,b, )(e; Aey)

anb = (Clybz —Clzby )623
+(Clsz _axbz)e31

+ (axby — Clybx ) €




Trivectors

* Wedge product of three vectors a, b, and ¢

c
a
b

arbAac

c
b
a

bAranc

Sec.2.1.3



Trivectors

* Wedge product of three vectors a, b, and ¢

aAbAc=(abc.+ab.c, +ab.c,—a.b,c,—ab.c, —a,b,c,)epns

 Determinant of 3 x 3 matrix with columns a, b, and ¢




3D Vector Space

Scalars S Magnitudes

Vectors xe, + ye, + ze; Directed lengths




3D Exterior Algebra

Scalars S Magnitudes
Vectors xe, + ye, + ze; Directed lengths
Bivectors X€y3 + yes3; +ze; Directed areas

Trivectors t Directed volumes




Pascal’s Triangle

0D

1D

2D

3D

4D

5D

Sec.2.1.4



Rigid Exterior / Geometric Algebra

* Projective algebra with one extra dimension

« Contains points, lines, planes in 3D

« Can perform rotations, translations, screw transformations



4D Exterior Algebra

* Extends 4D vector space

* One scalar 1

* Four vector basis elements

« Six bivector basis elements

* Four trivector basis elements
* One antiscalar 1

Type Values Grade / Antigrade
Scalar 1 0/4 DDDD
€ II:II:II:I
€ I:III:II:I
Vectors e, 1/3 I:I I:I I I:I
e, =e I |
€44 =€4 N € II:II:II
€pn =€4 NE, I:III:II
' €453 =€4 NE;3 I:II:III
Bivectors €y =€, A€, 2/2 I:IIII:I
€3 =€3 N € II:III:I
€ =€ NE, III:II:I
€43 =€4 NEQ NE;, I:IIII
Trivectors / Cor =€ N EAE 3/1 1011
Antivectors €10 =€ NE€ANE, I I |:| I
€31 = €3 NE€y A € IIII:I
Antiscalar 1=e nre, Ane; Aey 4/0 IIII




Point




Special Points
* The origin is simply the point e,
 Point with zero weight lies at infinity in (X, y, z) direction

 Points at infinity in opposite directions are equivalent




Line

PAQ=(qxPw— Pxqw)est +(@yPw — Py ) €a2 +(g: P — P-qw ) €43
+(pqu _pZQy)e23 +(pqu — Pxq: )e31 +(px%/ —Py%c)eu

4’%
o
>
8=

Direction Moment

l, -1, =0 x

Sec.2.4.2



Lines at Infinity

* Line with zero direction lies at infinity

o0

I = lmx €3 + lmy €31 + lmz €12




Plane

l/\P :(lvypz _lvzpy +lmx)e423 +(lvsz _lvxpz +lmy )e431
+(lvxpy _lvypx +lmz)e423 _(lmxpx +lmypy +lmzpz )e321

— > =
)

Sec.2.4.3



Horizon

* Plane with zero normal lies at infinity: g2, €3

« Contains all points at infinity, all lines at infinity

* Given special name horizon

= The point with coordinates (0, 0, 0, 1) contained
by all planes passing through the origin.

Origin Horizon
DUALITY B
€4 €4

= The plane with coordinates (0, 0, 0, 1)
containing all points at infinity.




4D Exterior Algebra

Scalars S Magnitudes
Vectors xe| + ye, +zes; + wey Points
Bivectors V€41 V€40 +V, €43 + My €3 + My €3 +m €,  Lines
Trivectors gx€423 T Zy€431 T Z:€412 T &1 €321 Planes

Quadrivectors ! Magnitudes




Complements

« Complement inverts full / empty dimensions

* Right complement denoted by overbar
* Left complement denoted by underbar
* For basis element u,

unu=1 uAnu=1
u € € €; €4 €41 | € | €43 | €3 | €31 | €2 | €403 | €431 | €412 | €321
u €403 | €431 | €412 | €321 | €23 | —€31 | =€ | = €4 | —€4p | —€43| —€ | =€ | —€3 | —€4
u 1 [—esns|—€si|—€sn|—€321| —€x3 | —€31|—€n | —€q | —€sn | —€s3]| € € €3 €4

Sec. 2.2



Antiwedge Product

* Antiwedge product denoted by v

Wedge Product < > Antiwedge Product
DUALITY
aAb avb

= Combines the dimensions that are present
in a and b.

= Result has grade gr (a)+gr(b).
= Result has antigrade ag (a)+ag(b)—n.

= Combines the dimensions that are absent
in a and b.

= Result has grade gr (a)+gr(b)—n.
= Result has antigrade ag (a)+ag(b).

Sec. 2.3



De Morgan Laws

» Every operation with ‘anti’ in its name satisfies a De Morgan
law:

avb=aAb avb=aAb

 To calculate anti-operation,
« Take a complement of each input
« Perform the regular operation
» Take opposite complement of the result



Join

* Wedge product performs join operation
* Produces higher-dimensional object containing both operands

Join Operation Ilustration

Line containing points p and q.
q

PAG=(Pudx = Psqw) €a1+(Pudy = Py ) €12 +(Pug: = P:qw) €13 /1';/./;/\ q
+(Pyq: — P-qy ) €2 +(P-qx — Pxq-) €31 +(P2qy — Pyqx ) €12
Plane containing line / and point p.
IAp

l/\p = (lvypz _lvzpy +lmxpw ) €423 +(lvsz _lvxpz +lmypw ) €431
+ (lvxpy _lvypx +lmzpw)e412 _(lmxpx +lmypy +lmzpz)e321

Sec. 2.5



Meet

* Antiwedge product performs meet operation
* Produces lower-dimensional object at intersection of operands

Meet Operation Ilustration

Line where planes g and h intersect.

th :(gzhy _gyhz)e41 +(gxhz _gzhx)e42 +(gyhx _gxhy)e43
+(gxhw _gwhx)e23 +(gth _gwhy)e31 +(gzhw _gwhz)e12

E g
Point where plane g and line / intersect. 6
l
ng = (gzlmy _gylmz + gwlvx )el +(gxlmz _gzlmx +gwlvy )e2 v

Vh

+ (gylmx _gxlmy +gwlvz ) €3 _(gxlvx +gylvy +gzlvz ) €4




Duality

* Every object can be interpreted as two different things
« Every operation performs two different actions
* One interpretation corresponds to regular space

* The other interpretation corresponds to antispace

Sec. 2.6



Duality

> =

homogeneous point

/ (pxa pya pza pw)

homogeneous plane
(Px> Pys P2 Pw)




The Metric Tensor

* n X n matrix that defines dot products of vectors

o O = O

o = O O

o O O O

€ - € = +1]
(VIR ) = +]
€3 - €3 = +1

€4 €4 =0

Sec. 2.8.1



Metric Exomorphism

* The metric tensor is a linear transformation

» |t can be extended to a 2" x 2" matrix G that applies to
entire exterior algebra

* There is also an antimetric that satisfies Gu = Gu = G_g

Metric Antimetric
DUALITY
G G

= s an exomorphism such that = |s an antiexomorphism such that
G (aAb)=GaAGb. G(avb)=GaVvGb.

Sec. 2.8.2



Metric and Antimetric

1

0

GG =det(g)I




Bulk and Weight

* Bulk

* Weight

ue = Gu

uo = Gu

All components without factor e,

All components with factor e,

Weight

Bulk < >
DUALITY
Ue Uo

= Selects components of u without a factor of'e,,.
= Contains positional information about u.

= Zero bulk means u contains the origin.

= Selects components of u with a factor of'e,,.
= Contains directional information about u.

= Zero weight means u is contained in the
horizon.

Sec. 2.8.3



Inner Products

: : T
* Dot product defined by metric: aeb = (a Gb ) 1
 Antidot product defined by antimetric: aob = (aTGb ) 1
- Satisfies De Morgan law: acb=a-b
Dot Product < > Antidot Product
DUALITY
a<b aob
= Defined as(aTGb)l. = Defined as(aTGb)]l.
= Inner product between bulks. = [nner product between weights.

Sec. 2.9



Bulk and Weight Norms

* Two dot products induce two norms

» Bulk norm: luy =vueu
» Weight norm: lul, =yueu

Sec. 2.10.1



Bulk and Weight Norms

Type Bulk Norm Weight Norm

Point p ple =1p2+p2 + p? Plo =[p|1

Line / Iy = W2 +12, +12. I, =2 +12 +12
Plane g gle =121 glo =Ygl +gl+g?




Unitization

* An object is unitized when its weight has magnitude one

Type Definition Unitization
Point p pP=p.e +p,e;+p.es+p,ey P =1

Linel [ = lvx €41 +Zvy €4 +lvz €43 +me €73 +lmy €31 +lmz € lgx +l‘?y +l§z =1
Plane g =g €3+ g,€431 g, €410 +Zwe30 g§+g§+gzz =1

Sec. 2.10.2



Geometric Norm

* Bulk and weight norms by themselves not very meaningful
» But add them, and result is a homogeneous magnitude

» Represents distance from origin

 Called the geometric norm

Jull=ullg +]lullo =ueu+Jucu

« Two-component quantity, sum of scalar and antiscalar
« Can be unitized by making weight one

Sec.2.10.3



Geometric Norm

Type Geometric Norm Interpretation
. —~ \/ pi+pi+p? . . .
Point p Ip|| = Y Distance from the origin to the point p.

Line [ 7] = — Perpendicular distance from the origin to the line .

2]

||/g\|| B Perpendicular distance from the origin to the plane g.
\/g x T g y + 8z

Plane g




Euclidean Distance

Distance Formula Ilustration
Distance d between points p and q. D q
d(p,q) = [do:Pw—Pu-qu|1+] Pugu|1 —a
Perpendicular distance d between point p and line /. P

d
d (p,1)=[ly xP oz + pulm | 1+] Pl | 1 \L\,l
Perpendicular distance d between point p and plane g. J T P
d(p,g)=(p-g)1+|p.gy:|1 &7
Perpendicular distance d between skew lines / and k. ) l
d(Lk)=—(1, kyn +1n-ky)1+|l, xk, |1 ‘

Sec. 2.11




Euclidean Angle

Angle Formula Ilustration

Cosine of angle ¢ between planes g and h. h &

cos ¢ (g,h) = (g “hy: ) 1+[glls [, 7 g

Cosine of angle ¢ between plane g and line /. ¢

cos ¢ (1) =[lge x4 1 +glo
_ ;p }

Cosine of angle ¢ between lines / and k. /

/
cos ¢ (1, k) = (4 -ky ) 1+]o kel
k

Sec.2.13.3




Bulk and Weight Duals

* Multiply by metric or antimetric, then take complement

Bulk Dual

*
u

= Defined as Gu.

< DUA

= Gives the dual of the bulk components of u.

LITY >

= Defined as Gu.

= Gives the dual of the weight components of u.

Weight Dual

A
u

u 1 € € €; €4 €41 | € | €43 | €3 | €31 | €0 | €403 | €431 | €412 | €321 1
u | 1 [en | e |en| O 0| 0| 0 [—e|-en|—es| O 0| 0 |-e| O
Uy 1 |-eps|—esi|—eqn| O 0 0 0 |—ey|—ep|—es| O 0 0 €4 0
u® | 0| 0| 0| 0 |ew|—exs|l-ei|-exf 0| 0| 0 |[-e|—e|-e]| O] 1
| e 0 0 0 0 —€3| —€x3 | —€31 | —€p 0 0 0 (] () €; 0 1

Sec.2.12



Interior Products

* Two exterior products combined with two duals
 Eight interior products using right and left duals

* Bulk contraction
* Weight contraction
* Bulk expansion

* Weight expansion

avb*

avb*®

aAnb*®

aAb”

b*Va
b*Va
b* A a

b*/\a

Sec. 2.13



Contraction and Expansion

» Subtract grades or antigrades

Contraction Expansion
" DUALITY i
avb aAb

= Decreases the grade of a by removing the = Increases the grade of a by adding the subspace
subspace spanned by b. not spanned by b.

= The result is a lower-dimensional object that is = The result is a higher-dimensional object that
contained by a and is orthogonal to b. contains a and is orthogonal to b.

= The grade of the result is gr (a)—gr(b). = The antigrade of the result is ag (a)—ag (b).




Weight Expansion

+(p-gy —DPyg:)en+(Pxg: —P:-8x)es1 +(Pygx — Pxgy ) €12

Expansion Operation Ilustration
Line containing point p and orthogonal to plane g. pAg” ?

P
pA g* == Pw8x€41 — P& €42 — Pw8g:€43

= ]

Plane containing point p and orthogonal to line /.

pPA I =— Dwlix€a2s — pulyy€ast — puly-€41n

‘4

o P
+(pxlvx +pylvy +pzlvz)e321 p/\l*
Plane containing line / and orthogonal to plane g. ﬂ\gﬁ/—
l
I A g* = (lvygz _lvzgy ) €423 +(lvzgx _lvxgz ) €431 +(lvxgy _lvygx )e412 /74
]
- (lmxgx + lmygy + lngz ) €321 4\g7
]

Sec. 2.13.5



Orthogonal Projection

Projection Operation Ilustration

Orthogonal projection of point p onto plane g.

gv(pAg®)=(gi+gr +g)(prei+pyer+p.es+pyes)
—(gpx+ &Py +8:0:+guwPw ) (g1 + 2,62+ g.€3)

Orthogonal projection of point p onto line /.

IV(PAT)=(Laps+1ypy +1op: ) (L€ +1yes + 13 )+ (15 +15 +13% ) pues
(lvylmz _lvzlmy ) Pw€i +(lvzlmx _lvxlmz ) Pw€2 + (lvxlmy _lvylmx ) Pw€s

=
o<—o T
(S
-~

Orthogonal projection of line / onto plane g.

gv(l/\g*)_(g)%+gJ2/+g22)(lvxe41+lvye42+lvze43) i/////
— (&l + 8yly + 821 ) (8re41 + 8yea +8-€43) T
( lmx+gylmy+gzmz)(gxe23+gye3l+gzel2) il g
+(g:dy — gyl ) gwens +(gul: — g2l ) gwest +( &yl — &xliy ) gwen

Sec.2.13.6




Geometric / Clifford Algebra

» Geometric product aAb
« Geometric antiproduct avb

* We use upward and downward wedge with dot inside
* “Wedge-dot” and “Antiwedge-dot”

* G.P. historically denoted by juxtaposition without symbol
 But duality gives us two products that need distinguishing

Sec. 3.1



Geometric Product and Antiproduct

 Vectors square to inner product instead of zero
* Product satisfy the usual De Morgan law

avb=aAb

Geometric Product Geometric Antiproduct
DUALITY

aAb avb
= Vector v squares to dot product vev. = Antivector squares to antidot product vov.
= Includes wedge product A. = Includes antiwedge product V.

= Identity is scalar 1. = Jdentity is antiscalar 1.




Proper Euclidean Isometries

translation

> 0

A A

rotation

(/Q




Improper Euclidean Isometries

general rotoreflection reflection Aj inversion




Geometric Product

» Geometric product in 4D space fixes the origin
« Cannot perform transformations we want

» Geometric antiproduct performs Euclidean isometries
» Uses sandwiching similar to quaternions

Sec. 3.5



Plane Reflection

« Sandwich antiproduct with plane g performs reflection:

u=gvuveg

* Multiple reflections stack outward from u:

u'=(hvg)vuv(gvh)

 Basis for all Euclidean isometries

Sec. 3.51



Reverse and Antireverse

* Multiply vector or antivector factors in reverse order

Reverse Antireverse
- DUALITY
i u
m Reverses the order in which the vector factors m Reverses the order in which the antivector
of u are multiplied under the wedge product. factors of u are multiplied under the
. . antiwedge product.
= Changes sign when the grade of u is 2 or 3 Wwedse produ
modulo 4. = Changes sign when the antigrade of u is 2 or 3
modulo 4.
u 1 € € €; €4 €41 | €2 | €43 | €3 | €31 | €2 | €423 | €431 | €412 | €329

1 € € €3 €4 | —€4 | —€Cu | —€43| —€x3| —€31 | — €2 [~ €yp3| —€431|—€412|— €321

= (=1}
[T
|
o
|
(¢=)
[\]

|
)
(98]

|
(¢”)
N

|
()
=

—€4 | —€43| — €23 | —€31 | — €12 €423 | €431 | €412 | €329




Rotation about a Line

* Let g and h be planes meeting at an angle ¢

» Reflection across g followed by h is rotation through 2¢
about line I where planes intersect

__hvg o
[hv gl ,

Sec. 3.5.2



Rotation about a Line

» Planes multiply together under geometric antiproduct to form
rotation operator R

p'=hv(gvpvg)vh
p=RvpVvR

R=hvg




Rotation about a Line

» General form of rotation operator R:
R=Ism¢+1cosg
* Rotates through angle 2¢ about unitized line /
u=RvuvR

* Rotates any geometry and even other operators



Translation

* If planes g and h are parallel, result is a translation

 Translation goes along normal direction by twice the
distance 6 between the planes

26 * 0

Sec. 3.5.3



Translation

* General form of translation operator T:

T = T €23 +7,€31 +7,€ +1

 Translates by displacement vector 21
u=TvuvT

* Translates any geometry and even other operators



Euclidean Isometry Operators

« Sandwiches with geometric antiproduct perform
Euclidean isometries

* Motor = MOtion operaTOR

 Flector = reFLECtion operaTOR




Motor

 General form of a motor:

- Qrt 1016 0rt 1 0utOns 0+t 10

Rotation Quaternion Moment and Displacement

« Performs any combination of rotations and translations

u=QvuvqQ

Sec. 3.6.1



Motor

Q=expy [(d1+¢l)VI]=1Isinp—1"5cosp—Jsing+1cos g




Motor Parameterization

* A motion operator is parameterized by:
* Aunitized line |
* Arotation angle ¢
« A displacement distance §

* Exponential with respect to geometric antiproduct:
Q=expy [(51+¢1)VvI]=1Isingd—1"6 cos ¢ —6sin ¢ +1cos ¢

» 01+ ¢1 is pitch of screw transformation

Sec. 3.6.2



Matrix Advantages

« Can represent more transformations

« Can read off origin and axis directions in transformed space
 Faster to transform objects

» Faster to compose




Motor Advantages

« Smaller storage requirements
« Usually 8 floats, but can reduce to 6

* [nversion is trivial
 Just reverse, negating six bivector components

» Better parameterization

 Better interpolation properties



Conformal Algebras

* 5D representation space for
3D geometry and motion

* Doubly projective

« Contains round objects:
» Spheres
 Circles
* Dipoles
« Round points

 Points, lines, and planes
are special cases with
infinite radii




Conformal Exterior Algebra

Meet Operation

Ilustration

Meet Operation

Hlustration

Join Operation Iustration
Dipole containing round points a and b.
anb =(ab, —a.b, eq +(ab, —ab,)en +(ab. —a.b,)es

+(ab. —a.b, ) ey +(ab, —a,b; ) e +(ab, —a,b,)e; - \

+ (@b, —ayb, ) ers +(a b, —a.b, ) exs aAb

+(a.b, —a.b. ) ess +(a.b, —a,b,)es

Circle where spheres s and t intersect.

SV = (5,0 — 5., ) €ans + (5,8 — 5,0, ) €
+ (sut: = s:ty ) ean +(suly = suly ) €32
(2t = Sulz ) @ars +(Sat = a1y ) @ags + (8,0 =5ty ) €ass

(8.0 8,00 ) €ays + (5,0, — 5,1, ) €35 + (820, — S, Y eps

Dipole where sphere s and line { intersect.

sV = 5.l 04 + 8,0, €0+ 5,0 e43
+ Syl + Sa;lmy €3y +8,0,-€12
+ (Sl = Sylz + Subi ) €15+ (Sulz = Szbyus + Sl ) €25

(Sl =Sl + 5wz Y35 —(Sibe + 5,0, 45202 ) eys

Line containing flat point p and round point a.
pAa=(pua,—puay)ens +(p.a, —pa.)exs

+ (pyaw—puay ) eos +(paa: - paas ) esis

+ (p-aw = pua: ) eps +(pya. = pea, Jens

Circle containing dipole d and round point a.

dAa=(dya. —de.ay +d,.a, ) e +(dwa, —dya: +d,ya, ) esn
+(dya, —dya, +dyza, ) eq; —(dya, +d,ya, +d,a; ) es
+(dpety = d oty +dyeaty, ) ears +(d 0y —d pa: +dyea, ) €235
+(da,—dya, +dya,)ens +(dya. —dya+d,,a,)ens

+(dyzan ~d,.a;+d.a, eys +(dpva1 —dya, +d,.a, )ens

Circle where sphere s and plane g intersect.

SVE=5,8 €03 +5,8, €41 + 580410 +Suguw i
(58— 8,8 ) eas + (85,8 — 5.8y ) s + (5,8 — 5.8y ) €ass
(50w~ suga ) eoss +(s5,€0 — 508, ) s +(5:80 — 5,80 ) ans

Flat point where plane g and line / intersect.

BV = (gl — &vle + ubiw Y ers +( Gl = Galwe + Guly ) €25
(&b = Zaluy + Zuliz ) €35 —( ok + )1y + 22112 ) a5

Line where planes g and h intersect.
gvh =(g.h, —g.h )eqs +( g —g.h ) ens

+(gah: = g:hy) eas +(ghy = guhy ) eais
+( gy — gl ) eass +(g:-h — gk ) s

.gv..

A

Plane containing line / and round point a.

Ina=(l.a, =lya, =lya,)ems +(la. =la, =l,a, )eps

+(l\;v111 —lna, - mzaw)ealzs +(Imax +hyay +1p-a. ) €15

Plane containing dipole d and flat point p.

dAp =(dyp: —dipy +duepy ) earss
+ (dizpx —dupz +duypu) €an1s
+(dwpy —dypr+du=py)eans
- (dml'px +dmﬁy +d - )ems

Dipole where sphere s and circle e intersect.

SV = (85,00 —5:Cg +54Co ) €41 +(51Cr =52 Con + 54Cime ) €21

$:Cpr = SeCpe 5,0,y )e4z +(84€g —5yCon +SuCumy )en

e+ SuCyy ) €25

Sy = SxCy + 800 ) €35 = (S2€0 + 8,05 + 52002 ) €

S:Cmy = SyCz + SuCpx ) €15 + (836 = 5.

(
(
($:C =8, Cpr + Sy ) €33+ (83€ 0 = 5:2C + 5,0z } €12
(
(

Round peint contained by circles ¢ and o.

€V 0 = (L0 —C Oz +CnyOgz — CaOiy +CaOgy + CnOrc ) €1
H+(CoxOmz = Oy + Oy = €O + €10y +C 04 ) €3
+ (€O = CxOmy + CrxOgy = Cy O + Coz Oy + vz ) €5
—(CarOu + €00y T C0y + €04 + €0 €120, ) 04

— (OO + oy Ory + Cpz0yz + Coy Oy + €y Oy + €202 ) €5

Round point centered on line / and contained by circle e.

VI =(Cgelmy = Coulue + Conde Vo1 + (Conlz = ol + Culiy ) €2
F(Coplme = Conlmy +€udiz Y5 —(Couly F gy +eph,- ) ey

—(Conlin + Cuplyy + Concli + ol + 0Ly 0l ) 05

Sphere containing circle ¢ and round point a.

AL = —(Coly +Cqdy + 0l +Cputly ) €234
+ (Cv:'ay T Cypl; T Coy @y~ Cppellyy ) €435
Oz = Conlls +C gy — Cupttyy ) €115
+ (Cryav = Cuxly +Cg-Gy = Cpzllyy ) €125

+(Cmlls +Cpylly +Cptlz + €ty ) €315

Dipole where plane g and circle e intersect.

gVe=(8,Ccp —2:Cy ) a1 +(LuCpr —8uCp ) €0y
+( 800~ 8uCpr ) a2 +H(&uCer — 810 ) €11
+(¥-C'gv —gv,c‘r)eu +(g..£;,~, —8:Cqun )en
+(g:Cmy = EyCme + &G ) 15 +(aCre = Z2Cme + 8y ) €25

+(&yCux — EeCmy + 8urz ) €35 —(81€in + 830y + 82€12 ) as

Round point contained by sphere s and dipole d.

sVl =(s,d,. —5:dy, —$.dy +5,d,, )€
($ode = Sull =Sl + 50d ) €2
(S5l = Sy ipe — Sz + 8,y ) €5
+(:dye +85,dyy +5.d +5,d ) ey
-(

Syl g+ 5l gy, + 520z + 5, ) €5

Sphere containing dipoles d and f.

AN == (du fo + ey fo + e fo + ol fy e 2 ) €123
+(dy Sy = die fop ¥ iy =iy foz + dine e+ dp S ) €235
H(diefpe = oS+ d e = e fos g f o+ e foy ) €315
+ (o Sy =y Py dpy fix =y foy + s fyw+ d e fe V€115
(e fe + o F e S+l fow + i foy + e fre Y3215

Round point centered at flat point p and contained by sphere s.

SVPp=15,p.€ +5,p,€ +5,p.€3+5,p, €4

—(SepxH S, Py S SuPu ) s

Round point centered in plane g and contained by dipole d.

gVl = (gydu: — 8oy — Gy ) &1
(el —ged e — gudy ) €2
F(gutpy =gyl —gusz ) &3
H(gedy +gydyy + 2.4, ) ey
—(gedp gy +g:dp+g0d, ) es




Conformal Geometric Algebra

Real Circle / Elliptic Rotation Flat Line / Rotation Real Circle + Line Line or Point in Horizon + Line
R=csin¢+1cos¢ R=1Isin¢g+1cos¢ Twisted Elliptic Rotation Twisted Rotation / Screw Motion

0\ /O
/ e g

(
N

/ \ ]
4
Imaginary Circle / Hyperbolic Rotation Dual Flat Point / Dilation Imaginary Circle + Line Line or Point in Horizon /Translation
R = ¢sinh ¢ +1 cosh ¢ D- i— T p* +1 Twisted Hyperbolic Rotation T=v*+1
+0

A
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4D Exterior Algebra

* One scalar 1

* Four vector basis elements

« Six bivector basis elements

* Four trivector basis elements
 One antiscalar 1

Type Values Grade / Antigrade
Scalar 1 0/4 DDDD
€ II:II:II:I
€ I:III:II:I
Vectors e, 1/3 I:I I:I I I:I
e, =e I |
€44 =€4 N € II:II:II
€pn =€4 NE, I:III:II
' €453 =€4 NE;3 I:II:III
Bivectors €y =€, A€, 2/2 I:IIII:I
€3 =€3 N € II:III:I
€ =€ NE, III:II:I
€43 =€4 NEQ NE;, I:IIII
Trivectors / Cor =€ N EAE 3/1 1011
Antivectors €10 =€ NE€ANE, I I |:| I
€31 = €3 NE€y A € IIII:I
Antiscalar 1=e nre, Ane; Aey 4/0 IIII




4D Exterior Product

Wedge Product aAb

Pl 1 e | e | e | e [en | en | en | en| e | en|ens| e e |en| 1
1 1 | e | e | e | e | € | en | €53 | €3 | €1 | € | €| €| €| e | 1
e e 0 | ey |—e5|—esn| O |—esp| €31 |[—€3q| O 0 1 0 0 0 0
e | e [—en| O | en |[—en|lemn| O |—ens| 0 |—espy| O 0 1 0 0 0
€; €; € [—exn| 0 |—eyn[—€sm|en| O 0 0 |—ex| O 0 1 0 0
€, €4 | € | € | €43 0 0 0 O |emps | €| O 0 0 1 0
ey | e | O |eqn|—epm| O 0 0 0O |-1] 0 0 0 0 0 0 0

en | en |—emn| O |eps| O 0 0 0 O |-1] 0 0 0 0 0 0
€y | € | e [—eps| O 0 0 0 0 0 O |-1{(O0 0 0 0 0
€; | ex [—es] O 0 |exn|-1] O 0 0 0 0 0 0 0 0 0
e | e | O [—e| O |ey| O | =1] O 0 0 0 0 0 0 0 0
ep |ex| O 0 |—en|em| O O [-1] 0 0 0 0 0 0 0 0

exs|lexs | -1] O 0 0 0 0 0 0 0 0 0 0 0 0 0

€z €3 | 0 | -1 O 0 0 0 0 0 0 0 0 0 0 0 0

€| €| O O [-1] 0 0 0 0 0 0 0 0 0 0 0 0

€ | €| O 0 O [(-11]0 0 0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
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Point

oo
Position Weight /

Pe = pu€1 +Pyes + . ey /A}
y

Po = Ppw€4

Sec.2.4.1



Special Points
* The origin is simply the point e,
 Point with zero weight lies at infinity in (X, y, z) direction

 Points at infinity in opposite directions are equivalent




Line

PAQ=(q:Pw — Pxqw)ea +( Gy Pw — Pyqu ) €12 +(q: P — PG ) €43
+(pyq: — P29y )€ +(P-qx — P:q. ) es1 +(Pxqy — Pyqx ) €12

Direction Moment

le =1,€3+1,, e +1,.€:,

lo =1e4 +1,e4 +1,, €4

Sec.2.4.2



Line Moment

» Contains position information




Lines at Infinity

* Line with zero direction lies at infinity

o0

I = lmx €3 + lmy €31 + lmz €12




Plane

l/\P :(lvypz _lvzpy +lmx)e423 +(lvsz _lvxpz +lmy )e431
+(lvxpy _lvypx +lmz)e412 _(lmxpx +lmypy +lmzpz )9321

g= + »
— ’ : ot
Normal Position
w=1
r

/ [
20 = 8w€32 p <
o = gx€423 T 4,€431 + Z-€412 y

Sec.2.4.3



Horizon

* Plane with zero normal lies at infinity 2, €3
« Contains all points at infinity, all lines at infinity
* Given special name horizon

» Complement of origin




Bulk and Weight

* Bulk contains positional information
» Weight contains directional information
* |If the bulk is zero, then the object contains the origin

* If the weight zero, then the horizon contains the object




Join

* Wedge product performs join operation
* Produces higher-dimensional object containing both operands

Join Operation Ilustration

Line containing points p and q.
q

PAG=(Pudx = Psqw) €a1+(Pudy = Py ) €12 +(Pug: = P:qw) €13 /1';/./;/\ q
+(Pyq: — P-qy ) €2 +(P-qx — Pxq-) €31 +(P2qy — Pyqx ) €12
Plane containing line / and point p.
IAp

l/\p = (lvypz _lvzpy +lmxpw ) €423 +(lvsz _lvxpz +lmypw ) €431
+ (lvxpy _lvypx +lmzpw)e412 _(lmxpx +lmypy +lmzpz)e321

Sec. 2.5



Meet

* Antiwedge product performs meet operation
* Produces lower-dimensional object at intersection of operands

Meet Operation Ilustration

Line where planes g and h intersect.

th :(gzhy _gyhz)e41 +(gxhz _gzhx)e42 +(gyhx _gxhy)e43
+(gxhw _gwhx)e23 +(gth _gwhy)e31 +(gzhw _gwhz)e12

E g
Point where plane g and line / intersect. 6
l
ng = (gzlmy _gylmz + gwlvx )el +(gxlmz _gzlmx +gwlvy )e2 v

Vh

+ (gylmx _gxlmy +gwlvz ) €3 _(gxlvx +gylvy +gzlvz ) €4




Exomorphisms

* Given an n x n linear transformation m that operates on vectors

» The exomorphism M is the 2" x 2" matrix that operates on the
whole algebra

« Exomorphism preserves structure under the wedge product:
M(aAb)=(Ma)A(Mb)

Sec. 2.7



Exomorphisms

* Matrix M is block diagonal

« Each block has columns given by wedge products of
columns of the original matrix m

* These are called compound matrices of m




1 e e e e; €4 €y €43 €3 €3 € €43 €431 €4 €3 1

e

detm —

~— scalar

vector

bivector

trivector

antiscalar
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The Metric Tensor

* n X n matrix that defines dot products of vectors

o O = O

o = O O

o O O O

€ - € = +1]
(VIR ) = +]
€3 - €3 = +1

€4 €4 =0

Sec. 2.8.1



Metric Exomorphism

* The metric tensor is a linear transformation
* Thus, it can be extended to a full exomorphism matrix G

* There is also a metric antiexomorphism, or just “antimetric”,
that satisfies

Gu=Gu=Gu

Sec. 2.8.2



Metric and Antimetric

1

0

GG =det(g)I




Conformal Metric



Inner Product

* Dot product defined by metric: aeb = (aTGb)l

» Antidot product defined by antimetric: aob= (aTGb ) 1

» Satisfies De Morgan law: acb=ae<b

Sec. 2.9



Bulk and Weight Norms

* Two dot products induce two norms

» Bulk norm: luy =vueu
» Weight norm: lul, =yueu

Sec. 2.10.1



Bulk and Weight Norms

Type Bulk Norm Weight Norm

Point p ple =1p2+p2 + p? Plo =[p|1

Line / Iy = W2 +12, +12. I, =2 +12 +12
Plane g gle =121 glo =Ygl +gl+g?




Unitization

* An object is unitized when its weight has magnitude one

Type Definition Unitization
Point p pP=p.e +p,e;+p.es+p,ey P =1

Linel [ = lvx €41 +Zvy €4 +lvz €43 +me €73 +lmy €31 +lmz € lgx +l‘?y +l§z =1
Plane g =g €3+ g,€431 g, €410 +Zwe30 g§+g§+gzz =1

Sec. 2.10.2



Geometric Norm

* Bulk and weight norms by themselves not meaningful

» But add them, and result is a homogeneous magnitude
» Represents distance from origin

 Called the geometric norm

Jull=ullg +]lullo =ueu+Jucu

« Two-component quantity, sum of scalar and antiscalar
« Can be unitized by making weight one

Sec.2.10.3



Geometric Norm

Type Geometric Norm Interpretation
. —~ \/ pi+pi+p? . . .
Point p Ip|| = Y Distance from the origin to the point p.

Line [ 7] = — Perpendicular distance from the origin to the line .

2]

||/g\|| B Perpendicular distance from the origin to the plane g.
\/g x T g y + 8z

Plane g




Attitude

* Weight components contain attitude information
« Attitude can be extracted as directed length / area

att(u)=uVe,

Type Attitude

Point p att (p) = pu1

Line / att (I)=1,e +1,e,+1,e;
Plane g att(g)=g.exn+g,e3 +g.ep




Euclidean Distance

* Weight of a product contains information about volume
 But it also includes weights of objects multiplied together

 Euclidean distance given by quotient

 Jatt(anb)|,
d(a,b)= latt (a) Aatt (b)),

* Result is a volume divided by an area



Euclidean Distance

I=pAq

K=raAs




Euclidean Distance

* Distance formula can be transformed into
homogeneous magnitude:

d(a,b)=|att(anb)|, +]|laAatt(b)|,

« Sometimes, a signed distance is meaningful:

avb+|anatt(b)|,, if gr(a)+gr(b)=n;
|latt(aADb)|q +[|aAatt(b)|,, otherwise.

d(a,b)z{



Euclidean Distance

Distance Formula Ilustration
Distance d between points p and q. D q
d(p,q) = [do:Pw—Pu-qu|1+] Pugu|1 —a
Perpendicular distance d between point p and line /. P

d
d (p,1)=[ly xP oz + pulm | 1+] Pl | 1 \L\,l
Perpendicular distance d between point p and plane g. J T P
d(p,g)=(p-g)1+|p.gy:|1 &7
Perpendicular distance d between skew lines / and k. ) l
d(Lk)=—(1, kyn +1n-ky)1+|l, xk, |1 ‘

Sec. 2.11




Line Crossing

* Sign of wedge product between lines gives crossing orientation

I A [ A

e -
;

IVK >0 IVKk <0




Line-Triangle Intersection

» Wedge product with all three edges of CCW-wound triangle
must be positive




Bulk and Weight Duals

* Multiply by metric or antimetric, then take complement

. *x o~
e Bulk dual: u =Gu u, = Gu
. . % N
* Weight dual: u =Gu uy, =Gu
u 1 € € €; €4 €41 | € | €43 | €3 | €31 | €0 | €403 | €431 | €412 | €321 1
u* 1 €13 | €431 | €412 0 0 0 0 — €41 | — €4 | — €43 0 0 0 — €4 0
Uy 1 |-eps|—esi|—eqn| O 0 0 0 |—ey|—ep|—es| O 0 0 €4 0
uﬁ 0 0 0 0 €1 | —€x3|—€31|—€p 0 0 0 —€¢ | —€ | —€; 0 1
u, | 0 0 0 0 |—en|—es|—e;|—en| O 0 0 e, | e | e 0 1

Sec.2.12



Interior Products

* Two exterior products combined with two duals
 Eight interior products using right and left duals

* Bulk contraction
* Weight contraction
* Bulk expansion

* Weight expansion

avb*

avb*®

aAnb*®

aAb”

b*Va
b*Va
b* A a

b*/\a

Sec. 2.13



Interior Products

* Right and left interior products differ by grade-dependent sign:
b.Va= (_l)gf(b)[gf(a)+gr(b)] avb’
b. Aa— (_l)ag(b)[ag(a)+ag(b)] aAb*

* Here, * Is either % or *x

* Really need only four interior products




Interior Products

* Interior products reduce to inner products for same grade:

avb*=aeb, whengr(a)=gr(b)

9

avb® =(acb)v1l, whengr(a)=gr(b)

aAb” =acb, whenag(a)=ag(b)

9

aAb* =(asb)Al, whenag(a)=ag(b)




Euclidean Angle

« Canonical angle given by dot product:

a-b
|a]|[b]

0S P =

* This generalizes with bulk contraction:

‘avb*‘
o

COS ¢ =

ale[b]




Euclidean Angle

« Formula can be transformed into homogeneous magnitude:

cos ¢ =||avb™| +[al[b],

* When grades equal, positive and negative angles make sense:

avbh™ +|af,[b

o5 if gr(a)=gr(b);

cos¢d(a,b) =+
avb*H.+||a||o||b||o, otherwise.

\



Euclidean Angle

Angle Formula Ilustration

Cosine of angle ¢ between planes g and h. h &

cos ¢ (g,h) = (g “hy: ) 1+[glls [, 7 g

Cosine of angle ¢ between plane g and line /. ¢

cos ¢ (1) =[lge x4 1 +glo
_ ;p }

Cosine of angle ¢ between lines / and k. /

/
cos ¢ (1, k) = (4 -ky ) 1+]o kel
k

Sec.2.13.3




Parametric Formulas

* Line or plane u can be expressed parametrically:

p(a)=po+att(u)va*
* oIS an arbitrary parameter having grade two less than u

* This formula surprisingly holds in conformal algebras as well




Weight Expansion

+(p-gy —DPyg:)en+(Pxg: —P:-8x)es1 +(Pygx — Pxgy ) €12

Expansion Operation Ilustration
Line containing point p and orthogonal to plane g. pAg” ?

P
pA g* == Pw8x€41 — P& €42 — Pw8g:€43

= ]

Plane containing point p and orthogonal to line /.

pPA I =— Dwlix€a2s — pulyy€ast — puly-€41n

‘4

o P
+(pxlvx +pylvy +pzlvz)e321 p/\l*
Plane containing line / and orthogonal to plane g. ﬂ\gﬁ/—
l
I A g* = (lvygz _lvzgy ) €423 +(lvzgx _lvxgz ) €431 +(lvxgy _lvygx )e412 /74
]
- (lmxgx + lmygy + lngz ) €321 4\g7
]

Sec. 2.13.5



Orthogonal Projection

Projection Operation Hlustration

Orthogonal projection of point p onto plane g.

ev(pAg®)=(gi+gr +g )(prei+pyer+p.es+pyes)
~(gxDx+8yDy +8-P-+guwDw)(gx€1 +8ye2 +2-83)

Orthogonal projection of point p onto line /.

IV(PAT ) =(Laps+1ypy +1op: ) (Leer +1yes + €3 )+ (15 +15 +1% ) pues
(lvylmz _lvzlmy ) Pw€i +(lvzlmx _lvxlmz ) DPw€2 + (lvxlmy _lvylmx ) DPw€s

=
o<—o T
oQ
-~

Orthogonal projection of line / onto plane g.

gv(l/\g*)_(g)%-l_gi+gz2)(lvxe4l+lvye42+lvze43) i/////
(gxlvx+gyl +gzlvz)(gxe41+gye4z+gze43) Ty
( el +gylmy+gzmz)(gxe23+gye31+gzel2) g
+(g:ly — gyl ) gwers +(gd: —8:0x ) gwesi +(g)ln —gulyy ) gwen

Sec.2.13.6




Support

* Orthogonal projection of origin onto line or plane
« Support is point closest to origin contained by object

sSup (1) = (Liplyz = Lizly ) €1 + (Lol =Ll ) €0 + (Ll — Lyl ) €3 + Loy

SUp () = —g.&we1 — 2,8wes — 8:Zwes +(gr + g5 + 27 ) e



Central Projection

Projection Operation

Illustration

Central projection of point p onto plane g.

gV(pAg®)=gu (prei+pyes+p.es)
_(gxpx +8y,Dy +gzpz)gwe4

Central projection of point p onto line /.

lV(p/\l* ) :(lnzax +l;31y +lnzaz)(pxe1 +pye2 +pze3)
~(luxpx +loy Py + Lz p2 ) (L €1 + 1y €0 +1,.€3)
+(lmx (lvzpy _Zvypz )+lmy (lvxpz _lvsz)'l'lmz (lvypx _vapy ))e4

Central projection of line / onto plane g.

gV(l/\g* ) = (gylmz _gzlmy ) gw€a1 +gv2vlmxe23
+ (gzlmx _gxlmz )gwe42 +gv2vlmye31

+ (gxlmy _gylmx ) gw€a3 + g&»lmz €12




Orthogonal Antiprojection

Projection Operation

Illustration

Orthogonal antiprojection of plane g onto point p.

P/\(gVPﬁ):Pvzv (gx€as+gyess+g-€a)
_(pxgx +pygy +ngz)pwe321

Orthogonal antiprojection of line / onto point p.

Y /\(IVP* ) = (lxes +1yeqn +1,€43)
+( Pyl = p:lyy ) Pwess
+(plix — pili ) Pwesi
+(Palyy = Pyl ) Pwer2

Orthogonal antiprojection of plane g onto line /.

l/\(ng* ) :(lvzx +1;, +lv2z)(gxe423 +g,e4 +g.€112)
_(lvxgx +1,8,+1.8: ) (lvx €43 +1,, €43 +1,; e412)
+(lvzlmy _Zvylmz)gxe321
t (Loclnz =Lzl ) g €301

+ (lvylmx - lvxlmy ) g:€321




Central Antiprojection

Projection Operation Ilustration

Central antiprojection of plane g onto point p.

pA(gvP* )=[(p;+ P2 ) &x—(Py&y +P:8: + Pugu) Px €3
+[(P2+17) &y —(Pr&s+ P:8: + Pugu) Py | €s3
+[ (P2 +17) & —(Pegx + Py + Pugw) P: | €a2
+(pi+py+p7) guesn

Central antiprojection of line / onto point p.

p /\(IVP* ) =(Pulix + Pylyy + P2l ) (Px€ar + pyesy + p-ess)
+(P§ +pz2)lmxe23 "‘(Pz2 +p§)lmye3l +(P§ +p§)lmze12
+(Pelmy = Pylnz ) Pwear =(Dyluy + Paluz ) preas
+( Palz = Pl ) Pwesz = (Pelz + Pile ) Py €31
+(Pylne = Pilmy ) Pweas = (Pale + Dyluy ) 2012

Central antiprojection of plane g onto line /.
l/\(ng ) (lmxgx +lmygy +lngz ) (lmxe423 +lmye431 +lmze412 )
(lmylvz _lmzlvy ) gw€a23 + (lmzlvx _lmxlvz ) gw€431

+ (lmxlvy _lmylvx ) w€ar2 +(lr%tx +ll%1y +lr%tz ) gw€321




Antisupport

 Central antiprojection of horizon onto point or line
* Antisupport is plane farthest from origin containing object

asp (P) = —PxPweiss — PyPwesst — P:Pwearz +( Px + Py + P2 ) €xn

asp (l) — (lvzlmy T lvylmz ) €403 + (lvxlmz o lvzlmx ) €431 + (lvylmx T lvxlmy ) €412 T lé9321




Conformal Exterior Algebra

« 5D algebra modeling 3D geometry and motion

S O O O =

o O O = O

o O = O O

_— e O O O

e -e =+1
e, e, =+I
e;-e; =+1
e_-e_=—1

e_|_ 'e_|_ — _I_A



Conformal Exterior Algebra

* |t is convenient to change the basis as follows

oSO O O -

oSO O = O

S O = O O

o O O O

e;==(e_—e,)

e; —=e_+e,

€ € = +1
¢ € = +1]
€3 - €3 =+1]

—1

€4-€5



Conformal Basis Elements

Type Grade Basis Elements

Scalar 0 1

Vectors 1 €1, €, €3, €4, €5

Bivectors 2 €41, €42, €43, €23, €31, €12, €159 €254 €355 €45
Trivectors 3 €423, €431, €412, €321, €415, €425, €435, €235, €315, €125
Quadrivectors 4 €1234, €4235, €4315, €4125, €3215
Antiscalar 5 1 =e234s




Special Points

* e, still represents the origin

* e; represents the point at infinity in a stereographic projection




Flat Objects

 Everything from PGA appears in CGA with factor of e;
P=px€i5st py€r5+ p.€35+ Pyy€4ys
l = lvx €415 T lvy €05 T lvz €435 T lmx €235 + lmy €315 + lmz €125

g=g9x€435 - Z,€4315 + Z-€4125 + Z1w€3215




Round Objects

* We also have four new types of round object

« Round points
 Dipoles
 Circles

» Spheres

 Flat points, lines, and planes are special cases of dipoles,
circles, and spheres that include the point at infinity




Round Point

a=pxe1+pye2 + p,€3 +€4 + €5

enran oo s
Carrier Point Infinity

(whena,=a,=a,=a,=0)




Dipole

d=n,e4 tn,emn tn,e4+ (Py”lz — p:ny )ez3 + (pznx — PxN; )931 + (pxny — Pylx ) €

2, .2
p +r
)_

"‘(P 'n)(Pxels T Py€25s + P, €35 + €45 (nxe15 +1n,€)s +nze35)

Cocarrier Normal Cocarrier Position

Carrier Line Flat Point
(whend,, =d,, =d,, =du =d,, =d,. =0)




Dipole

* Adipole is a one-dimensional sphere

Cocarrier Container




Circle

C=n,€43 t1N,€431 TN,€407 + (Py”z — p:ny ) €415 + ( Poly — Piliz ) €aps + (Px”ly — Pyhy ) €435
2 2
p —r (

+(p-n) (Px9235 T Py€315 + P €125 — €32 ) — Nny€35 +1,€315 +1; e125)

Cocarrier Direction Cocarrier Moment

Carrier Plane Flat Line

(when ¢y, =gy =g, =C4 =0)




Circle

» A circle is a two-dimensional sphere

Carrier Container

Cocarrier ——




Sphere

S= Px€4235 T Py€4315 T P,€4125 —€1234 — €3215

Carrier Space Flat Plane
(when s, =0)



Join and Meet

» Objects joined with wedge product
* Intersection calculated with antiwedge product

« Same math as PGA




Join Operation

Tllustration

Dipole containing round points a and b.

aAb=(a,b, —ab,)es +(a.b, —a,b,)en +(a,b. —a.b,)es
+(a,b. —a.b,)exn+(a.b,—ab. ) ey +(ab, —a,b,)epn
+(ab, —aub.)es +(ayb, —ab, ) exs
+(a.b, —a,b. ) ess +(anb, —a,b, ) eus

Line containing flat point p and round point a.
PAa=(pa,—puay)eas+(p-a, — p,a. ) ezs
+ (pyaw — Pway )6425 +(pxaz —p:a, )e315

+ (pzaw — Pwa: )6435 +(pyax — Pxay )e125

Gis
&

Circle containing dipole d and round point a.

dra=(dya. —d.a, +d,.a,)ens +(dza, —d,a. +d,a,) e
+(dwa, —dya, +d,.a,)eq; —(dma, +dpya, +d,.a. ) e
+(dpay —dpa, +da, ) ens +(dpa, —dya, +d,a, ) exss
+(dpay—dya, +dya,)ens +(dpa. —dya, +d,a,) ess

+(dpay —dpya, +d.a,)eqns +(dya, —dpa, +d,.a, ) ens

Plane containing line / and round point a.
Ina=(l.a, —l,a. —la, ) esss +(hea: —l.a, —lyay, ) €ssis

+ (lvyax _lvxay _lmzaw)e4125 +(lmxax +lmyay +lmzaz ) €315

Plane containing dipole d and flat point p.
dAp= (dwpz —d\:py +duxpy ) €4235
+(dvpr—dwp. +duypy) asis
+ (dvxpy —dyy Dy +dpz P ) €4125
_(dmxpx +dpy Py +dpzp- )e3215

Sphere containing circle ¢ and round point a.
CAA=—(Coly +Coylly +Coll, + oyl ) €1234
+(Crny =y + Cgully —Cptty, ) €235
+(Cna: —Cay +Cp, —Cpyay, ) €431
+ (s =€y +Coly — Cpzaty, ) €4125
+(

Conely + Copy@yy + Cop @ + Carly, ) €315

Sphere containing dipoles d and f.

AN =—(dyfo Ty oy + o frz + Ao frn ¥ iy fry + e ) €1234
(o fpz =z foy +dpe fry =y foo + e fow + d p frns ) @235
F(dofox —dox frr +dpufrz =z frx + Aoy o + s Sy ) €3315
+ (dvxfpy —dyy fox +dpy frr = dpe foy + Az [ +d o [z ) €125
(Do fopx + oy fpy + Aoz [z + A fone + Ay frny + e frnz ) €3215




Meet Operation

Illustration

Circle where spheres s and t intersect.
SVt = (85,0 =ity ) €43 + (848, — 5,8, ) €3
+(Sutz =821, ) €412 +(Suty — Syly ) €321
(520, =8yt ) eqrs + (Sl — .1, ) €ans + (5,0, = Suty, ) €435

+ (sxtw = Sywlx )e235 +(Sytw _Swty ) €315 +(sztw = Sylz )e125

Meet Operation

Illustration

Circle where sphere s and plane g intersect.
SVE=15,8x€43+5,8y€431 +5,8-€412 +5,8we31
+ (szgy —5,8: ) €415 +(ngz —8:8x ) €425 +(Sygx — 58y ) €435

+ (8528w —5wgx ) €235 +(Sygw —Swgy )9315 +(8:8w —$8: ) @125

Round point contained by circles ¢ and o.

€V 0 =(Cg:0my = CoyOmz + ConyOgz — CinzOgy + CraOgry + ZiOrr ) €1
+(CarOmz = CazOpmy + CrzOgy = CxOgz + C1y 0 + € Oyy ) €2
+(CgpOmr = CgrOmy + ConOgy — CayOgy + €120y + ZgOrz ) €3

—(CgOm + €0y +Cge0y +CriOge + €0, + 1204 ) €4

(

—(CoxOuz + ConyOyy + iz + CoxOpy + €1y Oy + €10, ) €5

CVO

‘0

Line where planes g and h intersect.

gVh=(g.h, —g,h)eus + (gl — gl ) exs
+(geh: —g:hy) ens +(gyh — guhy ) exs
+(gyhe = gehy ) €a3s + (gl — guh: ) e1ns

Round point centered on line / and contained by circle c.
eVI=(culuy —Colu +Coule )€1 +(Carlmz = Corl + Caulyy ) €2
+(Coplme = Carlmy + Caulyz ) €3 = (Coulin + Cplyy + gl ) €4

—(Comlix + Copliy + Conzlz + Coxline + Copliny + Colinz ) €5

Dipole where sphere s and circle ¢ intersect.
SVE=(5,Cq —S:Cqp +5,Cpx ) €41 +(S1Cor = S:Ca + 54 Conx ) €23
$:Cox = SxCqz +54Cyy ) €42 +(SCay — S, Can + SuCimy ) €31

(
+(
+(5xCqy = SyCqr + 5,0y ) €43 +(SCqn = S2Cq + SuCrz ) €12
+(82Cmy = SyCoz +54Cux ) €15 +(SxCz = 52Cmy +8,,Chy ) €25
+(s

SyCx = SxCmy +S5Cyz ) €35 —(S:Coy + 5,0,y +5.C,, ) €45

Round point contained by sphere s and dipole d.
SVA=(5,d; —S:duy — 8wy +5,d ) €
+ (82 = Scd e —Sdyy +5,d ) €3
+(83ly =Syl s —5d,. +5,d ) €3
+(85ydiy +5,d,y +5.d,; +5,d ) €4

— (52 pe +5,dpy +5.d ) +5,d ) €5

Dipole where plane g and circle ¢ intersect.

gVe=(g,Ce —8:Cq ) a +(ZuCo — Lulan ) €23

8:Cq — 8xCq ) €a2 + (G — &rCar) €31

8xCoy —8yCqr ) €43 +(GuCe —8:Cqn ) €12

8:Cmy = &yCmz + GuCux ) €15 +(€1Cmz = &-Conx + ZuCyy ) €25

+
+
+
+(&yCmr = &xCy + 8uCrz ) €35 —(&xCox + &1Chy + €:C1 ) €45

(
(
(
(

Round point centered in plane g and contained by dipole d.
gVd=(g,dy: —g:dny — gudwx ) &
(gl — gxlnz — gud,y ) €2
+(&xdmy — gy — g,z ) €3
+(g.dw +8ydyy +d.d,: ) ey
(gl pe +2ydpy + 8-y + gud i) €5

Dipole where sphere s and line / intersect.
SVI=s,lye4 +5,l, €4 +5,l, €43
+ Sylpc €23 + 8, Ly €31 + 5y l- €15
+(S2lmy =Syl +5uhe ) €15 + (Sl = Solue + 50y ) €25

+ ()l = Selmy + 530z ) €35 = (Sxbvy + 5,0y, +521,2 ) €45

Round point centered at flat point p and contained by sphere s.

SVPp=s,p:€ +Supye2 +S,p-€3+85,Dywey

_(Sxpx +sypy +Ssz +Swpw)e5

Flat point where plane g and line / intersect.
VI =(guluy — &yl + Zulix ) €15 +( &l — 8ol + uly ) €25
+ (gylmx - gxlmy + gwlvz ) €35 _(gxlvx + gylvy + gzlvz ) €45




Weight Expansion

* Weight expansion calculates geometry containing one object
which is orthogonal to another object

« Same math as PGA

* Projections travel along spheres, however
* There are no ellipsoidal shapes in CGA



Expansion Operation

Hlustration

Expansion Operation

Illustration

Expansion Operation

Illustration

Dipole containing round point a and orthogonal to sphere s.
Ans™ = (a,s, +a,s, ) ey +(ays. —a.s,)ex

+(ays, +a,s,)eqn + (a5, —as. ) ey

+ (a8, +ays. ) e +(a.s, —ays;)ep

—(axSy +a,s, ) ers —(ays, +a,s, ) e

—(a.s,+a,s. ) ess +(a,s, —a,s, ) ess

Sphere containing circle ¢ and orthogonal to sphere s.
*_
CAS™ = (CouSu —CoxSx —CaySy —CezS: ) €123
+ (Cvzsy —CyypSz +CpeSy —CoxSyy ) €4235
+(CoxSz = CozSx + CopSy —CySyy ) €315
+(CopSx = CoaSy + CzSu — CgzSy ) €415
+(

CoeSy + CoySy + CpiSz — CarSiy ) €3215

Plane containing flat point p and orthogonal to circle c.
PAC =(PyCe = PiCyy = PuCu ) a3

+(PeCor = PxCe = PuCw ) 4315

Jr(chgy = PyCqx — PwCoz ) €4125

(el + DyCy + p:Ci ) €315

Dipole containing round point a and orthogonal to plane g.
ang“=a,g.eq+(a,8.—a.g, ) en

ta.gyeqn +(a.g—a.g.)es

ta,g-eqn+(ag, —a,g.)en

*(axgw +augx)e15 *(aygw +augy)ezs

—(a.g,+a,g.)ess —a,g.ess

Sphere containing circle ¢ and orthogonal to plane g.
engi=- (Coxx+Crp8y +Ce8: ) @134

(028 —Cy8: —Cox8w ) Canss

+ (Cvxgz —Ciz8x —Cg 8w ) €4315

+ (ngx —C8y ~Cg:8w ) €4125

F (o8 T Cy @y +Cmzgz — Conu ) €315

Plane containing flat point p and orthogonal to line /.
PA r=- Dl €235 — pwlvy €315 = Puliz €415

+ (pxlvx +pyly + p:lz ) €3215

Plane containing line / and orthogonal to sphere s.

Circle containing dipole d and orthogonal to sphere s.
AAS"=(dys. —d.s, —dps, ) €aps +(d oS, —d oSz —dpys, ) €431
+(dusy —dyysc —dySy ) €a12 —(dpeSy + dyySy +dzs: ) €321

(d

( xS+ dpSy +d s, )6415 + (dpzsy dpyS: —d Sy ) €235
—(dyys +d sy +d s, ) €as +(d pes: —d o5, —doys,, ) €315
=(

dy.sy +d s, +d s, ) eass +(d Sy —d s, —desy ) €15

*
IAS™ = (Lzsy —Lys: + s, ) €ass +( DSz = LzSe + Loy, ) €a315

+(lvysx — LSy + 12y )94125 +(lmxsx S,y +lmzsz)e3215

Sphere containing dipole d and orthogonal to circle ¢.

AACH = (o +dyCry +dyCrn +dnCon +dpyCop +dC ) €123
+(dyCy =y Crz = d o +d pyCor —d poCoy + d iy ) €35
+(doxConz = Aoz = Ay Coy + e Cr —d i Co + g Cary ) €a315
+ (dvycmx —d\Cpy —d pCyz +d pCoy —d pyCox +dzCny ) €4125

+(dpuCox +d pyCoy +d oz + Ao Con + Aoy Cony + oz Cz ) €315

Circle containing dipole d and orthogonal to plane g.
dAgF=(dyg. —d..g, ) eqns +(dig: —dng: ) i
+(dngy —dyg:)ear —(dmgs +dug, +dng:) e
—(dugu+dpugs)eas +(d g, —dpg. —dugy)exs
—(duwguw+dpgy ) eans +(dpg: —dpg —dmgw)esis
—(degu+dpug: ) ens +(dpgx —d gy —dugw) ei2s

Plane containing line / and orthogonal to plane g.
A g‘* = (lvzgy —lyg- ) eqss +(heg: — 1281 ) €asis
+(Ly g — 18y ) €125 +(Luc&s +1luy &y +1n:8: ) €315

Sphere containing dipole d and orthogonal to line /.
AN = (dl +dyly +d,l ) €103
+(dvzlmy =iyl —d b ) €435
F(doilz =yl —d il ) €4315
+(doylye = doelyy —d ol ) €4125
F(d el +d by +d el + d il + by + docly: ) €3015

Line containing flat point p and orthogonal to sphere s.

PAS™=—(pusc + pusu ) €ars +( P=5, — pys: ) €
—(PuSy +Pysu) s +(Prs: = pasi ) €31
—(PwSz+ DSy ) @ass +(DySc — Prsy ) @ias

Circle containing round point a and orthogonal to circle c.
anct= (@) —A:Cqy —AyCox ) €423 +(:Cq — AxCqr — A0y ) €431
+(acCg —ayCo —ayc,: ) €a1a + (a0 +ayc,, +azc,. ) ey
—(@xCn + AyCoy + Ay Cor ) €415 +(AzCpy — Ay Criz — A, Cr ) €235
—(aycgw + Ay + Ay Cy ) €45 +(axc,,,z — A Cp — A€y )6315
(

—(@:Cqu + AyCpz + Ay Cq ) €435 +(AyCoy — AxCrpy — A€,z ) €125

Sphere containing round point a and orthogonal to dipole d.
and*=(a.d, +a,d, +a.d,. —a,d,,)ens
+(a.dyy —aydy. +ayd  —a,d,y ) €435
+(aydy: —a.dy +a,d,, —a,d,, ) e
+ (a e = Ayl + ayd . — ad, ) €4ps
+(a

—ay px*aydpy azdpz)e3215

Line containing flat point p and orthogonal to plane g.
PAE == pugiens +(p-g), —Pyg: ) exs

— Pw8y€a2s +(17xgz —P-8x ) €315

= Pug:ens +(Py8x — P8y ) eizs

Circle containing round point a and orthogonal to line /.
anl*=— yliy a2z —ayl,y €43 —al- €412

+(ady +ayl, +al,. ) e

—aylyeas +(a:ly —ayl,, —a,l,)exss

— Ayl ans + (Al — Al —aul,y ) €315

=yl €435 +(aylm.x =y, —ayl,. ) €25

Sphere containing round point a and centered at flat point p.
o
AAP  =—ay,Pyei23a T Ay PrCa3s + Ay PyCuzis Ay P:Ca12s

+(aupw—acpy—a,p, —a-p:)ems




Dot Products

Dot product between two spheres is product of radii multiplied
by cosine of angle between tangent planes where they intersect

s

2 2 2
V =r +nr —27"17'2 COS )y

2 2 2
s-tzé(v — 7 —r2)=—r1r2 COS y = 11, COS ¢
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€

4D Exterior Algebra

* One scalar 1

* Four vector basis elements

« Six bivector basis elements

* Four trivector basis elements
 One antiscalar 1

Type Values Grade / Antigrade
Scalar 1 0/4 DDDD
€ II:II:II:I
€ I:III:II:I
Vectors e, 1/3 I:I I:I I I:I
e, =e I |
€44 =€4 N € II:II:II
€pn =€4 NE, I:III:II
' €453 =€4 NE;3 I:II:III
Bivectors €y =€, A€, 2/2 I:IIII:I
€3 =€3 N € II:III:I
€ =€ NE, III:II:I
€43 =€4 NEQ NE;, I:IIII
Trivectors / Cor =€ N EAE 3/1 1011
Antivectors €10 =€ NE€ANE, I I |:| I
€31 = €3 NE€y A € IIII:I
Antiscalar 1=e nre, Ane; Aey 4/0 IIII




Geometric Products

 For vectors a and b:

aAb=aeb+aAb

 For antivectors a and b:

avb=acb+avb




4D Geometric Product

Geometric Product aADb

a b 1 € € € €4 €4 | € | €3 | €3 | €31 | €2 | €43 | €431 | €412 | €323 1
1 1 € () €; € | €y | €n | €5 | €3 | €5 | € | €ns | €3 | €| €| 1
€ € 1 € [ —€31|—€4 | —€4 |—€42| €431 |—€321| —€3| € 1 €43 | —€4 | —€x3| €423
€ e [—en| 1 € |—€n| e | —€|—emns| € |—en| —e |—es| 1 €41 | —€31 | €434
€3 €3 € |—exn| 1 [—en[—es| epn|—e|—€| e |[—en| en |—ey| 1 [—epn| e
€4 €4 €4 | €10 | €43 0 0 0 0 €403 | €431 | €412 0 0 0 1 0
€4 | €4 e, | e |—e€un| O 0 0 0 -1 |—es| €en 0 0 0 |—eps| O
€ | € |—€42| €4 | €43 0 0 0 0 en | -1 |—ey 0 0 |-es| O
€3 | €43 | €431 [—€423| €4 0 0 0 0 |—epn| ey | -1 0 0 |-emnf O
€n | exn [—en| —e;| e (e | -1 |[—en| en | -1 [—en| €5 | —es|—eun| e | € €4
€3 | €3 €; |[—€xn| —e | e | e | 1 |—eqy| en | -1 |—exn| e | —€ |—ens| € €4
en | en | —e | e |—esn] e |[—epn| ey | =1 [—e5| en | —1 |—es| €3 | —€4 | € €43
€3 | € | —1 |—es| €en 0 0 0 0 | —es|—esn €4 0 0 0 €4 0
€1 | €3 | €3 | -1 |—eqy| O 0 0 0 € | —€4 [—€sps| O 0 0 € 0
€ | €an [—€nn| €4 | -1 0 0 0 0 |—esi| € |—€s]| O 0 0 €43 0
€ | €1 |—€xn|—€3 | —€pn| —1 [ ens | €y | €y | € € € [—ey|—epn|—es| —1| &
1 1 [—espns|—€si|—€sn| O 0 0 O | ey | €en | €es| O 0 0 |—-e| O




4D Geometric Antiproduct

Geometric Antiproduct aVv b

a bl 1 € € €3 €4 €4 | € | €43 | €3 | €31 | €15 | €23 | €431 | €412 | €321 1

1 0 0 0 0 €31 | €3 €3 € 0 0 0 € () €; 0

e 0 0 0 0 |—exn|—epn| €5 | —e | O 0 0 1 [—ey|l e | O e
e, 0 0 0 0 |—ey| —e|—en | € 0 0 0 | en 1 [—ey| O e,
e, 0 0 0 0 |—-epn| e | —e |—epn| O 0 0 |—es| e 1 0 e;
€ |—en| e | e | en | —1 e | e || —€ | —€| —e|—ey|—en|—es| 1 €4

€y | €n [—€n| € | —ey| e | -1 | e |[—en| —1 | en |—e| —es| e [—€s| € €41

€n | e | —es|—eyn| e | ez |—es| —1 | ey |—en| —1 | €3 |[—esn| —€s| €3 | € €4

€43 | €2 € | —e |—en| e | en |—ey| -1 | e |—exn| —1|es |—€n|—€| € €43

€ 0 0 0 0 (1 -1 € | —€3 0 0 0 — €31 €3 —€ 0 €3

€3 0 0 0 0 e |—€n -1 €3 0 0 0 —€3 [—€31] € 0 €3

€ 0 0 0 0 C; €31 | — €23 -1 0 0 0 (9 — €1 [—€371 0 €

€y | —€ | -1 | ey [—e3|—eqy|—€s| esn €| €321 | —€5| € 1 |—esn| e | €3 | €ns

€ | —€|—en| —1 | en |—epn|—esn| —€ | ens | € |eyn | —e | es 1 |—eq| €5 | €

e | —es| e |—exn| —1 [—e;| en [—epms|—e | —e | e | en |—en| ey 1 € | €12

€321 0 0 0 0 -1 € (%) (2} 0 0 0 —€x3|—€3(|—€2 0 €371

1 1 € € €3 €4 €4 | € | €3 | €3 | €31 | €0 | €03 | €431 | €412 | €301 1




Proper Euclidean Isometries

translation

> 0

A A

rotation

(/Q




Improper Euclidean Isometries

general rotoreflection reflection Aj inversion




Plane Reflection

« Sandwich antiproduct with plane g performs reflection:

u=gvuveg

* Multiple reflections stack outward from u:

u'=(hvg)vuv(gvh)

 Basis for all Euclidean isometries

Sec. 3.51



Rotation about a Line

* Let g and h be planes meeting at an angle ¢

» Reflection across g followed by h is rotation through 2¢
about line I where planes intersect

__hvg o
[hv gl ,

Sec. 3.5.2



Rotation about a Line

» Planes multiply together under geometric antiproduct to form
rotation operator R

p'=hv(gvpvg)vh
p=RvpVvR

R=hvg




Rotation about a Line

» General form of rotation operator R:
R=Ism¢+1cosg
* Rotates through angle 2¢ about unitized line /
u=RvuvR

* Rotates any geometry and even other operators



Translation

* If planes g and h are parallel, result is a translation

 Translation goes along normal direction by twice the
distance 6 between the planes

26 * 0

Sec. 3.5.3



Translation

* General form of translation operator T:

T = T €23 +7,€31 +7,€ +1

 Translates by displacement vector 2t

u=TvuvT

* Translates any geometry and even other operators



Motor

 General form of a motor:

- Qrt 1016 0rt 1 0utOns 0+t 10

Rotation Quaternion Moment and Displacement

« Performs any combination of rotations and translations
u=QvuvQ

* Always true that Q, - Q,, =0

Sec. 3.6.1




Motor

 General form of a motor:

- Qrt 1016 0rt 1 0utOns 0+t 10

Rotation Quaternion Moment and Displacement

- Simple motor has (,,,, =0 and is pure rotation or translation

* Quaternion has no bulk part (green)

Sec. 3.6.1




Motor

Q=expy [(d1+¢l)VI]=1Isinp—1"5cosp—Jsing+1cos g




Flector

 General form of a flector:

Point Plane

* Performs any combination of rotoreflections

Sec. 3.7.1



Flector

F=psmm¢@+gcosg




Motor Parameterization

* A motion operator is parameterized by:
* Aunitized line |
A half rotation angle ¢
A half displacement distance §

* Exponential with respect to geometric antiproduct:

Q =expy [(d1+¢1)vI]=1Isin$—1"5 cos ¢ —J sin ¢ +1 cos ¢

« 01+ ¢1 is pitch of screw transformation

Sec. 3.6.2



Motor Parameterization

» Given arbitrary motor Q, can calculate parameters
Q — va €4+ va €4 + sz €43 + va]1 + me €3 + me €31 + sz € + Qmw1

Q =expy [(d1+¢1)VvI]=1sin¢—1"5cos¢—Jsinp+1cos¢

SZSinﬁb:\/l—wa 5=—Qmw ¢=tan1(ij
§ Oy

1 1 wlmw
lV — ;vayz lm — ;(meyz + Q g vayz)

S




Motor Interpolation
* To interpolate from motor Q, to motor Q,, first calculate
Q=Q:vQ' =Q,VvQ,

* Then calculate parameters 1, §, and ¢ for Q,

* Interpolate from identity 1 to Q, with
Q(t)=expy [t (51+¢1)VI]=1sin(t¢)—1"t6 cos (t¢)—1tJ sin (t¢)+1 cos (t¢)

+ Finally, calculate Q (#)V Q)



Motor Interpolation

* That can be computationally expensive

« Approximate interpolation is often acceptable:
Q(1)=(1-1)Q, +1Q;

* This needs to be unitized and constrained

Q ( Q, -Qu j‘ 1 { Q. -0, }
VI~ 1+1 |= - VX v + /), +0,,,
||Qv|| Q% i ”Qv” Q Q% (Q €23 +de31 O,.e,+0 )



Square Root of Motor

» Special case of interpolation from 1 to Q when t = 1/2

| Q+1 O
VQ = /| 1— 1
7Q \/2+2Qﬂv( 2+20; j

* For simple motor (pure rotation or translation), this simplifies:

\\7/62 Q-I-]l
|Q+1o




Line to Line Motion

* Let k and I be lines separated by distance § with
angle ¢ between directions

» Operator I VK rotates by 2¢ and translates by distance 26
about line f connecting closest points

« Square root of this operator N,
transforms line k into line / l

Sec. 3.6.3



Motor-Point Transformation

« 25 multiply-adds:

p;cyz =Pux: +2(vaa+ an_QmewV)
Pw = Dw

V:(va, va: sz)
m :(Qm)m meanz)

A=VXP,, +p,m

« 3x4 matrix transformation only requires 12 multiply-adds,
(orjust9ifp,=1)

Sec. 3.6.5



Motor-Line Transformation

* 54 multiply-adds:
ly=1,+2(0,a+vxa)

In =In+2[0ma+0,, (b+c)+vx(b+c)+mxa]
a=vxl, b=vxl, c=mxl/,

* 6x6 matrix transformation only requires 27 multiply-adds




Motor-Plane Transformation

« 35 multiply-adds:
g =8y +2(0a+vxa)

g;v = 8w +2[(mxgxyz +Qmngyz)°V_va (m°gxyz)]
aZVXngZ

* 4x4 matrix transformation only requires 13 multiply-adds




Motor to Matrix

1-2(05+0%) 20,0, 20.0.c 2(0yOu: =000y ) |

Ago| 2040 1°2(Q+0QF)  20,0: 2(QuOnm - QuCn)

20,.0,. 20,0,.  1-2(05+05) 2(0uOnm —0yOn)

I 0 0 0 1 )
0 20:0m 2000w 2(OwOm — 0Oy )
By | 220 0 20u0u 2(0nCum = Qs Q)

_2QVyQVW 2vaQVW 0 2 (vasz - szQmw )
0 0 0 0

MQ =AQ+BQ M(_;:AQ—BQ




Motor Composition

* 48 multiply-adds:

QVR= (vava + O Ry + Oy R, — O\ R,, ) €4

+ (vaRvy — O R + O R, + O, R, ) €4

+(OwRy: + OnRyy — O Ry + O R, ) €43
(OB = O Ry — Oy Ry — O2R,- ) 1
(Qmevx + O Ry + Oy Ryz — Oz Ry + O Ry + O Ry + Oy Rz — Oy R,y ) €3
(Qmevy — OBy + Ony Ry + Oz R + Qv Ry — O Rz + Oy Ry + O Ry ) €31
(Qmevz + Oy = Oy Ry + Oz Ry + Op Rz + O Ry — Oy Ry + Ohz Ry ) €
(OmwRow = Omc R = Oy Riy = Oz Roz + Oy Ry — QxR = Oy Ry — Q1R ) 1

« Composition of equivalent 3x4 matrices requires 33 multiply-adds



Matrix Advantages

« Can represent more transformations

« Can read off origin and axis directions in transformed space
 Faster to transform objects

» Faster to compose




Motor Advantages

« Smaller storage requirements
« Usually 8 floats, but can reduce to 6

* [nversion is trivial
 Just reverse, negating six bivector components

» Better parameterization

 Better interpolation properties



(  Skeleton )

N

( Lower Spine ) C Left Femur ) CRight‘I:emur

A A

( UppeiSpine ) ( LeftIibia ) (Righiﬁbia
( Left Foot ) (Right Foot)

N

( Left Clavicle ) Right Clavicle )
A /
Jaw Left Humerus (Right Humerus)

A

Right Radius

Left Hand

A

Left Fingers Right Fingers

. ' |

\
Left Thumb Right Thumb




Motor and Matrix

Q = va €4t va €4 + sz €43 + va]1 + me €3 + me €31+ sz € + Qmw1

1-2 (Qv?y + Q\%z ) 2 (vava _ szva ) 2 (szva + vava ) 2 (vasz - szme + vame _ vaQmw )
2(0600 +0::0n)  1-2(05+0%)  2(040i: = 0uOn)  2(0:0ms = 0Oz + OOy — QO )

2 (szva - vaQVW ) 2 (vasz + vava ) 1-2 (szx + szy ) 2 (vame - QVmex + vasz - szQmw )
0 0 0 1




Dual Quaternion Skinning




Operator Duality

* All of the Euclidean isometries performed with antiproduct:
u=QvuvQ

 This fixes the horizon, as required
« Separate motions occur in antispace that fix the origin

« Swapping product and antiproduct also swaps motions



Complement Isometries

» Sandwiches with the geometric product perform
complement isometries

A plane reflection and its complement look like this:

y y
4

+3

2

1

X 0

-1
-2
-3
—4

-4 3 2 -1 0 4+l 42 43 +4 -2 -1 0 41 42 43 +4 45 +6



Complement Rotation

* A complement rotation moves points along paths of constant
eccentricity with respect to a focus at the origin and a directrix
given by a line




Complement Translation

* A complement translation performs a perspective projection
having a specific direction and focal length

4
+3
2
1

+

0 > X
1”

) [4 \ e \\x

/I
2NN

NI

—4
I I |
4 =3 =2 -1 0 4+l 42 43 +4 4 =3 =2 -1 0 4+l 42 43 +4




Transformation

Groups

Geometric
Product

E

Euclidean

Complement {M 0

(n)

v 1

———_

—

Geometric
Antiproduct

o)

: M 7
Euclidean { 0 }
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Common Subgroups

* Operators fixing both the origin and the horizon have two forms

- In particular, quaternions exist in both SE (3) and SE (3)
q=¢x€4 +¢y€s +q:-€s+q,1 u=qvuvg

q=—q¢.€3—¢g,e3 —¢.epn+q,l Uu=qAuAq




Conformal Motions

» All motions of PGA transfer to CGA with factor of e

 General screw motion:

Q — vae415 + va €405 + sz €435 + va]1 + me €35 + me €315 T sz €25 + Qmw €s

 General rotoreflection:

F=F,es+tF,es+F, e+, e+ Fyeiss+ Fyeass + Fo €05 + Fg €305




Conformal Motions

Real Circle / Elliptic Rotation Flat Line / Rotation Real Circle + Line Line or Point in Horizon + Line
R=csin¢+1cos¢ R=1Isin¢g+1cos¢ Twisted Elliptic Rotation Twisted Rotation / Screw Motion

I

~/ -

Imaginary Circle / Hyperbolic Rotation Dual Flat Point / Dilation Imaginary Circle + Line Line or Point in Horizon /Translation
R = ¢sinh ¢ +1 cosh ¢ D- i— T p* +1 Twisted Hyperbolic Rotation T=v*+1
+0

A

/

A
Y




Conformal Motions

» Operators are equivalent to 5 x 5 matrices
« Simple translation example:

T= Ty €235 T7,€315 T T,€125 + 1

o o O =

t=21

_e O O O




Translation

« Computation gets
somewhat absurd

 Would be easier to
store object as
center, radius,
attitude

 Rebuild CGA form
as needed

Type Translation Formula

Flat point p TvpVvT=(p,+2t.py)eis+(p, +27,p,) e +(p. +27.p, ) €35 + Py s
. TVIVT =1,eqs+1, €5 + 1,435 +[ L +2 (7,0, — 7.1, )] €235

Linel Ly +2 (2ol =Tl )] €315 +[ L +2 (12diy — 7,1 )] €125

Plane g TVvgVT=g,esmss+g €s15+g-€4105 +(Zw =27 8y ) €3015

Round point a

TvavT=(a,+27.a,)e +(a,+27,a,)e, +(a. +27.a,)e;s+a,e,

+ (au +2t-a,, + 21'2aw ) e;s

Dipole d

TvdvT=d,ey+d,en+d.en+[dn+2(1,d,—7.d,)]exn
+[dny +2(7.dy —1.d, )] €31 +[de +2(7edyy —7,d0x )] €12
+[dp +2(7,dpe —T.dpy +7.dp, + 27,7 dy —7%d,, )] eis
+[d,y +2(1.dpy —tdy, +7,dp, + 27,7 -dy -7%d,, )] e2s
+[d,. +2(2edyy =Tyl +7.d py +27.7-dy —77d,. )] €35
+(dp +27-dy ) eys

Circle ¢

TVeVT =cge€s3 +Cop€431 +Cgz €412
+(Cqw—2T Cgyyz ) €301 O +2 (7,00 —T.Cg )] €415
+[ew +2(7.00 —TxCq )] €425 +[ €1 +2(T2Cgp —T1Cor )] €435
Fm +2(7,¢; =720 = Tl +2T,T Cgye —rzch )] eass
[y +2(T2Co = T1Ch = TyCo +2T,T €y — T Cyy )] €315
+[

2
Cmz +2(T5Cry —T)Cox = T2Cay +2T.T €y, — T Cyz )| €125

Sphere s

TVSVI = 85,€1234 +(Sx _2szu )e4235 +(Sy _2Tysu )e4315 +(Sz _2Tzsu )e4125

+ (SW -2t Sz +2T2Su )632]5




Sphere Inversion

* In CGA, reflections across planes generalize to
reflections through spheres

A

(d) (©)

O,




Sphere Inversion

- For sphere of radius r centered at (m,,m,,m, ),
points are transformed by

rt —2m? —2mym, —2m,m, (m
—2m,m,, P — 2m§ —2m,m, (m
—2m,.m, —2my,m, re— ZmZ2 (m
—2m, —2m,, —2m,
() me (), (w7




Dilation

 Translation results from reflections across two parallel planes
 This generalizes to reflections through two concentric spheres
» Result is a dilation about the center of the spheres




Dilation

- Operator that dilates by factor o-about center (n,,m,,m, )

I-0 l+o
D=T(mxez35 +my, €315 +M; €25 —3321)4'7]1

o 0 0 (I-0)m, 0
0 o 0 (l-o)m, 0
0 o (I-oc)m, 0
0 0 0 1 0

o(l1-0)m, oc(1-0)m, o(l-o)m, +(1-0)’m*> o°



Dilation

Type Dilation Formula
DvpvD=[c’p, +o(1-a)m.p,]eis+[c’p, +a(1-c)m,p,]es
Flat point p 5
+[o°p.+o(1-0)m.p,]ess +op,ess
D\'/l\'/]~)=crlvxe415 +o—l‘,ye425 +0l,, €45
+[0% L+ (1=0)(m,l,. —m_l,, )] exs
Line /
+[0% Ly + 0 (1=0) (m.ly —ml,. )] ess
+[0%1e +0 (1=0) (ml,, —m, 1, )]s
DvgvD=0g.esss+0g,€s315 +0g 4125
Plane g

+[02gw—U(I—U)m‘gxyz]eazls

Round point a

DvavD=(ca,+(l1-0)m.a,)e +(ca, +(1-c)m,a, )e,
+(oa,+(1-0o)m.a,)e;+a,e,

+[02au +o(l-o)m-a,, +%(1—¢7)2 mzaw]eS

DVdVD = dvxe41 +d‘,ye42 +dvze43 +[O'dmx +(1—0')(mydvz —mzdw )]e23
+[od,, +(1-0)(m.d,x —m.d,. )] es +[od,. +(1-0)(m.d,, —m,d,, )] e

+[02dpx +o(l-o0)(myd,, —m.d,, +m,falpw)+%(l—0')2 (2mm-d, -m’d,, )]els

Dipole d +[02dpy +o(l-0)(m.d, —md,, +myalpw)+%(1—0')2 (2mym-d, —mzdvy )]e25
+[02dpy +o(l-0)(md,, —m,d,, +mzdpw)+%(1—a)2 (2m.m-d, -m’d,, )]e35
+[od, +(1-0)m-d, | ess

DVeVD =cg €403 +Cgy €431 +Co- €412
+[ocg, —(1—0)m-cgy, | €3 +[ocy, +(1—0) (mycg —m.cy, )] €ars
+[oc, +(1—0) (m.ce —mycy. )] eas +[oc,, +(1—0) (mecy —mycg )] €ass

Circle ¢ +[o%cm +o (1=0) (myc,. —m.c,, —mxcgw)+%(1—a)2 (2mm-cgy. —m ey, )] €35
+[o7cpy +0 (1=0) (m.cox —myc,. —mycgw)+%(1—o—)2 (2mym-cg,. —m’cy, )] €315
+[azcmz +o(1=0)(mec,, —m,c, —mZng)‘i‘%(l—O')z (2m.m-cg,. —m’c,, )] e12s

DVsVD=s,e34 +(05, —(1—0)m,s, ) esss
Sphere s +(os, —(1-0)mys, )ess +(os, —(1—0) m.s, ) €415

+[02sw —o(l-0)m-s,, +%(1—a)2 mzsu]e3215
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