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A Vast Subject Area

* No hope of covering all the fundamentals in one hour

 This talk is an introduction that paints the big picture




Grassmann / Clifford Algebras

* You've probably been using pieces of these algebras
already without realizing it

» Cross products

 Homogeneous coordinates (x, y, z, w)
* Planes (a, b, c, d)

 Plucker coordinates

« Quaternions




Cross Products

* Units of distance become units of area

(axaayaaz)x(bxaby:bz)

a,b,—a,b,, a,b, —a,b,, a.b, —a,b,
y y y — dy




Normal Vectors

 Cross product calculates normal of triangular face

P2

n=(p;—po)x(P2-Po)




Normal Vector Transformation

* Normals don’t transform like ordinary vectors
* That's because they're something else called bivectors

det(M)M 'n

n Mn

=
[ ! 1
S O
S = O
I'— < C>I
<




Homogeneous Coordinates

3D points are projections of 4D vectors

}V V:(anvyavzavw)




Homogeneous Coordinates

* Allows translations to be added to linear transformations

my My myy I, || py

mzy mz mz3z I || p;




Planes

* 4D dot product with point p gives signed distance to plane g




Plucker Coordinates

* Implicit representation of a line in 3D space
 Has 6 coordinates, 3 for direction v and 3 for moment m

* Given homogeneous points p and q on the line,
V= pwquz o QpryZ
m =P y; X{qy:

« Same results for any two points spaced same distance apart
* Information about specific points is eliminated




Points, Lines, Planes

* Lots of formulas for combining
geometries

 Discovered without knowledge
of bigger picture

* We can better explain where all
of these formulas come from

Formula

Description

A | {wip> —w,p; | p1 P>} | Line through two homogeneous points (p; | w; ) and (py | w» ).

B {p2—pi|pixp2} Line through two points p; and p,.

C {vlipxv} Line through point p with direction v.

D {p|0} Line through point p and the origin.

E [ [vxp+wm|—p-m] | Plane containing line {v|m} and homogeneous point (p | w).

F [vxp+m|-p-m] | Plane containing line {v|m} and point p.

G [vxu|—u-m] Plane containing line { v| m}, parallel to direction u.

H [m]0] Plane containing line { v|m} and the origin.

I | {n;xn,|dmn,—d>,n;} | Line where two planes[n, | ;] and[n; | d, ] intersect.

J | (mxn+dv|-n-v) | Homogeneous point where line {v|m} intersects plane [n|d].

K {wn|pxn} Line through homogeneous point (p | w), perpendicular to plane [n | d].
L [vxn|-n-m] Plane containing line { v| m}, perpendicular to plane[n|d].

M [wv|-p-v] Plane containing homogeneous point (p | w), perpendicular to line { v |m}.
N (V xm| v’ ) Homogeneous point closest to the origin on line {v |m}.

(0} (—d n|n’ ) Homogeneous point closest to the origin on plane [n | d].

P [mxv|m®] Plane farthest from the origin containing line { v|m}.

Q [—wp |p? ] Plane farthest from the origin containing point (p | w).

R W Distance between two homogeneous points (p; | wy ) and (p2 | w2 ).
S [y ms + v, mi| Distance between two lines {v; |m, } and {v, [m, }.

[vixva|

T —"V X"I:,Ilr m| Distance from line { v |m} to point p.

U H Distance from line { v |m} to the origin.

v W Distance from plane [n | d] to point p.
w ldl Distance from plane [n | d] to the origin.

(L]l




Quaternions

* A quaternion q represents a rotation in 3D space

ij=—ji=k
q=xi+)yj+zk+w i°=jt=k*=-1 Jjk=—kj=i
ki=—ik=]

« Rotation through angle ¢ about axis a is

(in? ¢
q—(mn2)a+um2




Quaternions

* A quaternion rotates a vector v with the sandwich product
vV =qvq V=vi+v,j+Vv.k
* g~ is the conjugate of the quaternion:

q=—xi—yj—zk+w




All Part of Same Algebraic Structure

* Non-vector result of cross product

* 4D homogeneous coordinates for points
* 6D Plucker coordinates for lines

* 4D plane representations

» Quaternions




4D Associative Projective Algebras

* 4D rigid exterior algebra
 Homogeneous representation of 3D geometry
* Points, lines, planes
 Join, meet, projection, norm, distance, angle

* 4D rigid geometric algebra
» Euclidean isometries in 3D space
» Rotations, translations, screw transformations
« Parameterization, interpolation




Exterior / Grassmann Algebra

* Wedge product A
« Combines dimensions of operands

 Vectors square to zero:
VAV=0
* Antisymmetric on vectors:

aAb=-bAa

Sec.2.11



Bivectors

* Wedge product of two vectors aand b
* Produces a new type of object

Sec.2.1.2



Bivectors

* Wedge product of two vectors a and b:

aAb=(a,b,—a.b,)(e;Aes3) anb=(a,b,—a)b,)eny
+(a,b, —a.b,)(e; Nep) +(a,b, —a.b, )es
+(asb, —a,b, )(e; Aey) +(asb, —a,b, ) e

» Cross product appears!




Trivectors

* Wedge product of three vectors a, b, and ¢

c
a
b

arbAac

c
b
a

bAranc

Sec.2.1.3



Trivectors

* Wedge product of three vectors a, b, and ¢

aAbAc=(abc.+ab.c, +ab.c,—a.b,c,—ab.c, —a,b,c,)epns

 Determinant of 3 x 3 matrix with columns a, b, and ¢




Trivectors

» Wedge product of vector a and bivector b
aA4=d4,6€ +Clyez +d, €3
b= bxe23 -|-by €3 +bzelz

aAb= (axbx +a,b, +a.b, ) €123

* Dot product appears!




3D Vector Space

Scalars S Magnitudes

Vectors xe, + ye, + ze; Directed lengths




3D Exterior Algebra

Scalars s1 Magnitudes
Vectors xe; + ye, + ze; Directed lengths
Bivectors Xe€y + yes +zep Directed areas

Trivectors 1€ Directed volumes




Pascal’s Triangle

0D

1D

2D

3D

4D

5D

Sec.2.1.4



Rigid Exterior /| Geometric Algebra

* Projective algebra with one extra dimension
« Contains points, lines, planes in 3D

« Can perform rotations, translations, screw transformations




- Type Values Grade / Antigrade

4D Exterior Algebra ™
Scalar 1 0/4 DDDD
€ II:II:II:I
* Extends 4D vector space Vectors : 1/3 HHEH
es=e, i |
 One scalar 1 RN EEH:
 Four vector basis elements Bivectors G =CNEs 519 HE:H

€3 =€, A e;
e Six bivector basis elements e e A 101(
. . €L, =€ NE,y III:II:I
 Four trivector basis elements

. €43 =€4 NEY NE; I:IIII
* One antiscalar 1 Trivectors / RN N 1011
Antivectors €42 =€4 NE AEC, 3/1 IIDI
€30 =€3 NEy N € IIII:I
Antiscalar 1=e Are, Ane;Aney 4/0 IIII




Point

w=1 1
-
Pp=p<€tp,€+p.€3+p,€4 / /p/ /
Position Weight /A, y
X

Sec.2.41



Special Points
* The origin is simply the point e,
 Point with zero weight lies at infinity in (X, y, z) direction

 Points at infinity in opposite directions are equivalent




Line

p Aq :(prw _pxqw)e41 +(Qypw _prW)e42 +(qpr —pqu)e43
+(pqu _pZQy)eB +(pqu — Pxq: )631 +(pry —Py%c)eu

4’%

w=1 z
[ = lvx €41 t+ l\,y €4 + lvz €43 + lmxez3 + lmy €3 + lmz € / 1
Direction Moment
Y
X
l, - I,=0

Sec.2.4.2



Line Moment

» Contains position information




Lines at Infinity

* Line with zero direction lies at infinity

o0

l=1,cex+l,e3+1,.ep,




Plane

l/\P :(lvypz _lvzpy +lmx)e423 +(lvsz _lvxpz +lmy)e431
T (lvxpy — Ly px + Ly ) €423 _(lmxpx + Dy + 2P )9321

=g €43 +g,€431 +g-€412 T+ €3

Normal Position

Sec.2.4.3



Horizon

* Plane with zero normal lies at infinity: g2, €3

« Contains all points at infinity, all lines at infinity

* Given special name horizon

= The point with coordinates (0, 0, 0, 1) contained
by all planes passing through the origin.

Origin Horizon
DUALITY B
€4 €4

= The plane with coordinates (0, 0, 0, 1)
containing all points at infinity.




4D Exterior Algebra

Scalars s1 Magnitudes
Vectors xe| + ye, +zes; + wey Points
Bivectors V€41 V€40 +V, €43 + My €3 + My €3 +m €,  Lines
Trivectors gx€423 T Zy€431 T Z:€412 T &1 €321 Planes

Quadrivectors 1 Magnitudes




Complements

« Complement inverts full / empty dimensions
* Right complement denoted by overbar

* Left complement denoted by underbar

* For basis element u,

unu=1 unu=1
u € € €; €4 €41 | € | €43 | €3 | €31 | €2 | €403 | €431 | €412 | €321 1
u €03 | €431 | €412 | €321 [ —€23 | —€31 | —€C12 | —€41 | —€42 | —€43| —€1 | =€ | —€3 | —€4 1
u 1 |—eqps|—e€si|—esn|—€ni|—€xn|—€3 | —€n|—€q|—€epn|—€n| € € ] €4 1

Sec. 2.2



Antiwedge Product

* Antiwedge product denoted by v

Wedge Product < > Antiwedge Product
DUALITY
aAb avb

= Combines the dimensions that are present
in a and b.

= Result has grade gr(a)+gr(b).
= Result has antigrade ag (a)+ag(b)—n.

= Combines the dimensions that are absent
in a and b.

= Result has grade gr (a)+gr(b)—n.
= Result has antigrade ag(a)+ag(b).

Sec. 2.3



De Morgan Laws

« Every operation with ‘anti’ in its name satisfies a De Morgan
law:

avb=aAb avb=aAb

 To calculate anti-operation,
« Take a complement of each input
« Perform the regular operation
» Take opposite complement of the result




4D Exterior Product

Wedge Product aAb

Pl 1 e | e | e | e |en | en | e | exn| e | en|ens| e |emn|en| 1
1 € | € | € | € | €y | €n | €53 | €3 | € | € | €| €4 | €4n | €3 | 1
e | e 0 | ey |—e€5|—€sn]| O |—esn| € [—€39] O 0 1 0 0 0 0
€ e |—en| O €n [—en|em| 0 |—en| O |—ep| O 0 1 0 0 0
€; €; ey |—eyn| 0 |—es|—en|en| O 0 0 |—es| O 0 1 0 0
€, €4 | € | € | €43 0 0 0 O |emps | €| O 0 0 1 0
eg | e | O | ey |—eym| O 0 0 O |-1|0 0 0 0 0 0 0
€n | en |—€mn| O |ens| O 0 0 0 O (-1] 0 0 0 0 0 0
€5 | € | € |[—€ns| O 0 0 0 0 0 O -1]0 0 0 0 0
€s | ex [—ex| O 0 e | -11] O 0 0 0 0 0 0 0 0 0
e | e | O [-exn| O |es | O | -1] O 0 0 0 0 0 0 0 0
ep |en| O 0 |—-ex|em| O 0O |-1] 0 0 0 0 0 0 0 0
€ |ems | -11] O 0 0 0 0 0 0 0 0 0 0 0 0 0
€si|e€xn | O | -1 O 0 0 0 0 0 0 0 0 0 0 0 0
€nl|en| 0 0O |-1]20 0 0 0 0 0 0 0 0 0 0 0
ey | e | 0 0 O |-1]0 0 0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
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Join

* Wedge product performs join operation
* Produces higher-dimensional object containing both operands

Join Operation Ilustration

Line containing points p and q.
q

PAQ= (pWQx _prW)e41 +(pWQy _pqu)e42 +(pqu —pzqw)e43 /P;/o/;/\q
+(Pyq: — P-qy ) €13 +(P:q: — Pxq: ) €31 +(Pxqdy — Pydx ) €12
Plane containing line / and point p.
IAp

l/\p = (lvypz _lvzpy +lmxpw)e423 +(lvsz _lvxpz +lmypw)e431
+ (lvxpy _lvypx +lmzpw)e412 _(lmxpx +lmypy +lmzpz)e321

Sec. 2.5



Meet

* Antiwedge product performs meet operation
* Produces lower-dimensional object at intersection of operands

Meet Operation Ilustration
Line where planes g and h intersect. ’_
th = (gzhy - gyhz ) €41 +(gxhz _gzhx ) €4 + (gyhx _gxhy ) €43 ‘m’

+ (gxhw _gwhx)e23 +(gth _gwhy)e31 +(gzhw _gth)e12 N th
Point where plane g and line / intersect. ‘
/
ng = (gzlmy _gylmz +gwlvx)e1 +(gxlmz _gzlmx +gwlvy)e2
+(gylmx _gxlmy +gwlvz)e3 _(gxlvx +gylvy +gzlvz)e4 v




Duality

* Every object can be interpreted as two different things
« Every operation performs two different actions
* One interpretation corresponds to regular space

* The other interpretation corresponds to antispace

Sec. 2.6



Duality

homogeneous point

/ (pxapyapzapw)
/
G
/ w=1

homogeneous plane
(Px> Pys P> Pw)

—> =




Exomorphisms

* Given an n x n linear transformation m that operates on vectors

» The exomorphism M is the 2" x 2" matrix that operates on the
whole algebra

« Exomorphism preserves structure under the wedge product:

M(aAb)=(Ma)A(Mb)

Sec. 2.7



Exomorphisms

* Matrix M is block diagonal

« Each block has columns given by wedge products of
columns of the original matrix m

* These are called compound matrices of m
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The Metric Tensor

* n X n matrix that defines dot products of vectors

o O = O

o = O O

o O O O

€ - € = +1]
(VIR ) = +]
€3 - €3 = +1

€4 €4 =0

Sec. 2.8.1



Metric Exomorphism

* The metric tensor is a linear transformation

» |t can be extended to a 2" x 2" matrix G that applies to
entire exterior algebra

* There is also an antimetric that satisfies Gu = Gu = G_g

Metric Antimetric
DUALITY
G G

= s an exomorphism such that = |s an antiexomorphism such that
G(anb)=GaAGb. G(avb)=GaVvGb.

Sec. 2.8.2




S O O O
S o — O
S — O O
— o O O

S O O O O O
S O O O O O
S O O O O O
S O — O O O
S — O O O O
— o O O O O

S O O
S O O O
S O O O
S O O O

S O O
S O O O
S O O O
S O O O

S O O O O
S O O O — O
S O O — O O
S O O O O O
S O O O O O
S O O O O O

oS O O O
oS o — O
oS — O O
— O O O

1

g
=
e

O

=
=

=
<
T
=

S

g
=
wd

O
=

GG =det(g)]I




Bulk and Weight

* Bulk ue = Gu All components without factor e,

* Weight uo =Gu All components with factor e,

Weight

Bulk < >
DUALITY
Ue Uo

= Selects components of u without a factor of e,,.
= Contains positional information about u.

= Zero bulk means u contains the origin.

= Selects components of u with a factor of e,,.
= Contains directional information about u.

= Zero weight means u is contained in the
horizon.

Sec. 2.8.3



Inner Products

* Dot product defined by metric: aeb = (aTGb ) 1
 Antidot product defined by antimetric: aob = (aTGb ) 1
- Satisfies De Morgan law: acb=a-b
Dot Product < > Antidot Product
DUALITY
asb acb
= Defined as(aTGb)l. = Defined as(aT(Gb)]l.
= Inner product between bulks. = [nner product between weights.

Sec. 2.9



Bulk and Weight Norms

* Two dot products induce two norms

» Bulk norm: luy =vueu
» Weight norm: lul, =yueu

« Can generally have arbitrary values for same geometry
due to homogeneity

Sec. 2.10.1



Bulk and Weight Norms

Type Bulk Norm Weight Norm

Point p ple =1p2+p2 + p? Plo =[p|1

Line / Iy = W2 +12, +12. I, =2 +12 +12
Plane g gle =121 glo =Ygl +gl+g?




Unitization

* An object is unitized when its weight has magnitude one

Type Definition Unitization
Point p p=p.e+p,e+p.e;+p,ey P»zv=1

Line/ [ = lvx €41 +lvy €4 +lvz €43 +me €73 +lmy €31 +Zmz € ng +l§y +l§z =1
Plane g =g €3+ g,€431 g, €410 +Zwe30 g§+g§+gzz =1

Sec. 2.10.2



Geometric Norm

* Bulk and weight norms by themselves not very meaningful
« But add them, and result is a homogeneous magnitude

» Represents distance from origin

 Called the geometric norm

Jull=ullg +]lully =ueu+ucu

» Two-component quantity, sum of scalar and antiscalar s1+ 1
« Can be unitized by making weight one

Sec.2.10.3



Geometric Norm

Type Geometric Norm Interpretation
. —~ Jp§+p2+p§ . . .
Point p Ip|l= Y Distance from the origin to the point p.

. 71 \/liix + lnz1y + ll%’lZ . . .. .
Line / 2] = \/ — Perpendicular distance from the origin to the line .
Lix + 1y + 1,

[ E—"
\/gx +gy +gz

Plane g Perpendicular distance from the origin to the plane g.




Euclidean Distance

Distance Formula Ilustration
Distance d between points p and q. D q
d (p.q)=[d0-Pv —Po:qw| 1+ Pug.| 1 —
Perpendicular distance d between point p and line /. P

d
d(p,1) =1y %Pz + pulm||1+] Pl | 1 \L\,l
Perpendicular distance d between point p and plane g. J T P
d(p.g)=(p-g)1+|pugs:|1 &7
Perpendicular distance d between skew lines / and k. ) l
d(Lk)=—(1, kyn +1n-ky)1+|l, xk, |1 ‘

Sec. 2.11




Line Crossing

* Sign of wedge product between lines gives crossing orientation

I A /A

fVik=0 IVK <0




Line-Triangle Intersection

» Wedge product with all three edges of CCW-wound triangle
must be positive




Euclidean Angle

Angle Formula Ilustration

Cosine of angle ¢ between planes g and h. h &

cos ¢ (g.h) =(8.0z - hpe ) 1+l B, %

Cosine of angle ¢ between plane g and line /. p

cos ¢ (g,1) =] gy 1| 1+ glol1]o
- ;/)/

Cosine of angle ¢ between lines / and k. /

|
'
—
—
—
—

/
cos ¢ (1, k) = (I -ky ) 1+ [k], -
k

Sec.2.13.3




Bulk and Weight Duals

* Multiply by metric or antimetric, then take complement

Bulk Dual Weight Dual
" DUALITY "
u u

= Defined as Gu. = Defined as Gu.
= Gives the dual of the bulk components of u. = Gives the dual of the weight components of u.

u 1 € € €3 €4 €4 | € | €43 | €3 | €31 | €0 | €423 | €431 | €412 | €321 1
u | 1 |ew|es|en| 0 0| 0| 0 [—ey|—-en|l-€s| 0] 0] 0 [-e| O
Uy 1 |-esps|—eqsi|—eqn| O 0 0 0 |—ey|—ep|—es| O 0 0 €4 0
u’ | 0 0 0 0 | ey |—ex|—es|—e;| O 0 0 [-e |—e|—e| O 1
uy, | O 0 0 0 |—en|—es|—e;|—en| O 0 0 e | e | e; 0 1

Sec.2.12




Interior Products

* Two exterior products combined with two duals
 Eight interior products using right and left duals

» Bulk contraction avb* b, Va
» Weight contraction avb™ by Va
» Bulk expansion anb* b, Aa

» Weight expansion aAb”™ by Aa

Sec. 2.13



Interior Products

* Right and left interior products differ by grade-dependent sign:
b.Va= (_l)gf(b)[gf(a)+gr(b)] avb’
b. Aa= (_l)ag(b)[ag(a)+ag(b)] aAbh’

* Here, * Is either % or *x

* Really need only four interior products




Interior Products

* Interior products reduce to inner products for same grade:

avb*=aeb, whengr(a)=gr(b)

9

avb® =(acb)v1l, whengr(a)=gr(b)

aAb” =acb, whenag(a)=ag(b)

9

aAb* =(a*b)Al, whenag(a)=ag(b)




Contraction and Expansion

» Subtract grades or antigrades

Contraction Expansion
* DUALITY i
avb aAb

= Decreases the grade of a by removing the = Increases the grade of a by adding the subspace
subspace spanned by b. not spanned by b.

= The result is a lower-dimensional object that is = The result is a higher-dimensional object that
contained by a and is orthogonal to b. contains a and is orthogonal to b.

= The grade of the resultis gr (a)—gr(b). = The antigrade of the result is ag (a)—ag (b).




Weight Expansion

+(p-gy —DPyg:)en+(Pxg: —P:-8x)es1 +(Pygx — Pxgy ) €12

Expansion Operation Ilustration
Line containing point p and orthogonal to plane g. pAg” ?

p
pA g* == Pw8x€41 — Pw&y€42 — Pw8:€43

T

Plane containing point p and orthogonal to line /.

pA I =- D@3 — puliy€ast — puli-€ann

‘4

o P
+(pxlvx +pylvy +pzlvz)e321 p/\l*
Plane containing line / and orthogonal to plane g. L
l
l A g* = (lvygz _lvzgy ) €423 +(lvzgx _lvxgz ) €431 +(lvxgy _lvygx ) €412 74
_(lmxgx +lmygy +lngz )e321 4\g7
I

Sec. 2.13.5



Orthogonal Projection

Projection Operation Iustration

Orthogonal projection of point p onto plane g.

gv(pAg®)=(gi+gr +g)(prei+pyer+p.es+pyes)
—(gpx+ &Py +8:0:+guwPw ) (g1 + 2,62+ g.€3)

Orthogonal projection of point p onto line /.

IV(PAT)=(Laps+1ypy +1op: ) (L€ +1yes + 13 )+ (15 +15 +13% ) pues
(lvylmz _lvzlmy ) Pw€i + (lvzlmx _lvxlmz ) Pw€2 + (lvxlmy _lvylmx ) Pw€s

=
o<—o T
(S
-~

Orthogonal projection of line / onto plane g.

w\_ (.2 2 2 l P
gv(l/\g ) (gx+gy+gz)(lvxe4l+lvye42+lvze43) <«
—(gulix + 8yl + 820 ) (gx€a + gyear + g-€43) v vV
( lmx+gylmy+gzmz)(gxe23+gye31+gze12) il g
+(g:dy — gyl ) gwens +(gul: — g2l ) gwest +( &yl — &xliy ) gwen

Sec.2.13.6




Support

* Orthogonal projection of origin onto line or plane
« Support is point closest to origin contained by object

sSup (1) = (Liplyz = Lizly ) €1 + (Lol =Ll ) €0 + (Ll — Lyl ) €3 + Loy

sup (8) =—g:xgwe1 — €,8wer —g:gwes +(gr + &) + 87 ) €



Geometric / Clifford Algebra

» Geometric product aAb
« Geometric antiproduct avb

* We use upward and downward wedge with dot inside
* “Wedge-dot” and “Antiwedge-dot”

* G.P. historically denoted by juxtaposition without symbol
 But duality gives us two products that need distinguishing

Sec. 3.1



Geometric Product and Antiproduct

 Vectors square to inner product instead of zero
* Product satisfy the usual De Morgan law

avVb=aAb

Geometric Product Geometric Antiproduct
DUALITY

aAb avb
= Vector v squares to dot product vev. = Antivector squares to antidot product vov.
= Includes wedge product A. = Includes antiwedge product V.

= Identity is scalar 1. = Jdentity is antiscalar 1.




Geometric Products

 For vectors a and b:

aAb=aeb+aAb

 For antivectors a and b:

avb=acb+avb




4D Geometric Product

Geometric Product aADb

a bl 1 € € €3 €, €41 | € | €43 | €3 | €31 | €0 | €03 | €431 | €412 | €321 1
1 1 € () €; € | €y | €n | €3 | €3 | €5 | € | €ns | €3 | €| €| 1
€ € 1 € [ —€31|—€4 | —€4 |—€42| €431 |—€321| —€3| € 1 €43 | —€4 | —€23| €423
€ e [—en| 1 €; |—€n| € | —€ |—€ps| €5 |—en| —e |—es| 1 €4 | —€31 | €43
€3 €3 €5 [—€xn| 1 |—en|—€si|ens|—€|—€| e |—€n en [—ey| 1 |—e;]| e
€4 €4 €4 | €10 | €43 0 0 0 0 €403 | €431 | €412 0 0 0 1 0

€4 | €4 e, | ey |—en| O 0 0 0 —1 |-es;| en 0 0 0 |-ems| O
€n | €n [—esn| € |epns| O 0 0 0 e | =1 [—ey| O 0 0 |—eum| O
€3 | €43 | €431 [—€423| €4 0 0 0 0 |—epn| ey | -1 0 0 0 |-emnf O
€n | exn [—en| —e;| e (e | -1 |[—en| en | -1 [—en| €5 | —es|—eun| e | € €4
€31 | €51 €; |—€yn| —€ ey | e | —1 |—ey| en | -1 [—exn| e | —€ |—ens| € €4
en | en | —e | e |—esn] e |[—epn| ey | =1 [—e5| en | —1 |—es| €3 | —€4 | € €43

€3 | € | —1 |—es| €en 0 0 0 0 | —es|—esn €4 0 0 0 €4 0

€1 | €| e | =1 [—ey| O 0 0 0 |eqn|—€s|—€ps O 0 0 €42 0

€ | €an [—€nn| €4 | -1 0 0 0 0 |—esi| € |—€s]| O 0 0 €43 0

€ | €1 |—€x|—€y|—en| —1 [ e | €n | €n| € € e; [—es|—en|—es| -1 e
1 1 [—ess|—€si|—€sn] O 0 0 O | ey | en | es]| O 0 0 |—e| O




4D Geometric Antiproduct

Geometric Antiproduct aVv b

a bl 1 € | € | € | € [ €y | €n | € | €3 | €5 | €n |€ns | €y | €| €| 1
1 0 0 0 O | e | es| e |ey]| O 0 0O | e |e | e | O
e 0 0 0 0 |—exy|—ep| €5 |—e | O 0 0 1 [—-ep|l e | O e
e, 0 0 0 0 |—e5| —e5|—esp| € 0 0 O ey | 1 |—ey3| O e,
e; 0 0 0 0O |[—epn| e | —e |—e;5| O 0 0 |—ey| e3 | 1 0 e
€ [—en| exn | ey | en | —1 | e | es | €| —€ | —€e | —e|—ey|—en|—en| 1 €4
€ | €n |—€nm| € | —€e | e | -1 | eyn |—en| —1 | en |—e|—es| e |[—€s| € €4
€n | e | —e3|—en| e | eq |—en| -1 | ey [—en| —1 | exn |—esn| —€s| s | € €4
€43 | €2 € | —e |[—en| €| en |—ey| -1 | ey [—exn| —1 | en |—€ns|—€| e €43
es | O 0 0 0 e, | -1]| e, |—e;| O 0 0 |—-epn | e |—e | 0 | ey
ey | O 0 0 0 e |—-en| =1 |es | O 0 0 | —e;|—en| € 0 | ey
e, | O 0 0 0 e; | ey |—eyn| =11 O 0 0 e | —e |[—ep| O | epn
€y | —€ | -1 | ey [—e3|—eqy|—€s| esn €| €321 | —€5| € 1 |—esn| e | €3 | €ns
€ | —€|—en| —1 | en |—epn|—esn| —€ | ens | € |eyn | —e | es 1 |—eqn| €5 | e
e | —es| e |—exn| —1 |—es;| e [—€esns| —€ | —€ | e | eyn |—en| ey 1 € | €2
e | O 0 0 O |-1] e | e | e 0 0 0 [—-exn|—ey|—en| O [ e
1 1 € € €3 €4 €4 | €4 | €43 | €3 | €31 | €12 | €423 | €431 | €412 | €321 1




Proper Euclidean Isometries

translation

> 0

A A

rotation

Sy \




Improper Euclidean Isometries

general rotoreflection reflection inversion




Geometric Product

« Geometric product in 4D space fixes the origin
« Cannot perform transformations we want

« Geometric antiproduct performs Euclidean isometries
» Uses sandwiching similar to quaternions

Sec. 3.5



Plane Reflection

« Sandwich antiproduct with plane g performs reflection:

u=gvuveg

* Multiple reflections stack outward from u:

u'=(hvg)vuv(gvh)

 Basis for all Euclidean isometries

Sec. 3.51



Reverse and Antireverse

* Multiply vector or antivector factors in reverse order

Reverse Antireverse
- DUALITY
a u
m Reverses the order in which the vector factors m Reverses the order in which the antivector
of u are multiplied under the wedge product. factors of u are multiplied under the
) ) antiwedge product.
= Changes sign when the grade of u is 2 or 3 &P
modulo 4. = Changes sign when the antigrade of u is 2 or 3
modulo 4.
u 1 € € €; €4 €41 | €2 | €43 | €3 | €31 | €2 | €423 | €431 | €412 | €329

1 € € €3 €4 | €41 | €4 | —€43| —€23| — €31 | — €12 |~ €Cun3|— €431 |— €412 — €321

= | &
k.
|
o
|
(¢~
[\]

|
(¢”)
(9%)

|
(¢”)
N

|
(¢”)
=

—€4 | —€43| — €23 | —€31 | — €12 €423 | €431 | €412 | €329




Rotation about a Line

* Let g and h be planes meeting at an angle ¢

» Reflection across g followed by h is rotation through 2¢
about line I where planes intersect

__hvg o
[hv gl ,

Sec. 3.5.2



Rotation about a Line

» Planes multiply together under geometric antiproduct to form
rotation operator R

p'=hv(gvpvg)vh
p=RvpVvR

R=hvg




Rotation about a Line

» General form of rotation operator R:
R=Ism¢+1cosg
* Rotates through angle 2¢ about unitized line /
u=RvuvR

* Rotates any geometry and even other operators



Translation

* If planes g and h are parallel, result is a translation

 Translation goes along normal direction by twice the
distance 6 between the planes

26 * 0

Sec. 3.5.3



Translation

* General form of translation operator T:

T=1.exn +7,€31 T7,€ +1

 Translates by displacement vector 21
u=TvuvT

* Translates any geometry and even other operators



Euclidean Isometry Operators

« Sandwiches with geometric antiproduct perform
Euclidean isometries

* Motor = MOtion operaTOR

 Flector = reFLECtion operaTOR




Motor

 General form of a motor:

Q — va €4 t va €4 + sz €43 + va]l + me €3 + me €3 + sz €t Qmw1

Rotation Quaternion Moment and Displacement

* Performs any combination of rotations and translations

u=QvuvqQ

Sec. 3.6.1



Motor

Q =cexpy [(51+¢Il)\°/l]=lsin¢—l*5cosgp—ésingpﬂlcosgp




Flector

 General form of a flector:

F =pre1 +pre2 +sze3 +pre4 +nge423 +nge431 +nge412 +Fgwe321

Point Plane

* Performs any combination of rotoreflections

Sec. 3.71



Flector

F=psin¢+gcosg




Motor Parameterization

* A motion operator is parameterized by:
* Aunitized line |
* Arotation angle ¢
« A displacement distance 6

* Exponential with respect to geometric antiproduct:
Q=expy [(51+¢1)VvI]=1Isingd—1"6 cos ¢ —6sin ¢ +1cos ¢

» 01+ ¢1 is pitch of screw transformation

Sec. 3.6.2



Motor Parameterization

» Given arbitrary motor Q, can calculate parameters
Q — va €41 + va €4 + sz €43 + va]1 + me €3 + me €31 + sz € + Qmw1

Q =expy [(d1+¢1)VvI]=1sin¢—1"5cos¢—Jsinp+1cos¢

S:singb:\/l—wa 5=—Qmw gb:tanl(ij
§ Oy

1 1 v lmw
lV — ;vayz lm — ;(meyz + Q g vayzj

\)




Motor Interpolation
* To interpolate from motor Q, to motor Q,, first calculate
Qo =Q,VvQ;' =Q, VvQ,

* Then calculate parameters 1, §, and ¢ for Q,

* Interpolate from identity 1 to Q, with
Q(t)=expy [t(1+¢1)VI]=1sin(t¢)—1"t5 cos(t¢)—1td sin (t¢)+1 cos (1)

» Finally, calculate (f) v Q




Motor Interpolation

* That can be computationally expensive

« Approximate interpolation is often acceptable:
Q(7)=(1-7)Q: +1Q;

 This needs to be unitized and constrained

Q ( Q, -Qu j_ 1 { Q. -0, }
V| - 1+1 |= _ e+ 0, e +0, e +0,.
||Qv|| Q% ||Qv|| Q Q% (Q exn+0,e3+0en+0 )




Square Root of Motor

« Special case of interpolation from 1 to Q when t = 1/2

| Q+1 O
VQ = /| 1— 1
7Q \/2+2Qﬂv( 2420 j

* For simple motor (pure rotation or translation), this simplifies:

\\7/6: Q+]1
|Q+1o




Line to Line Motion

* Let k and I be lines separated by distance § with
angle ¢ between directions

» Operator I VK rotates by 2¢ and translates by distance 26
about line f connecting closest points

« Square root of this operator A f
transforms line k into line / !

Sec. 3.6.3



Motor-Point Transformation

« 25 multiply-adds:

p;cyz :pxyz +2(vaa+ VXa_QmwpwV)
Pw = Dw

V:(vaa vaa sz)
m :(mea me: sz)

A=VXP,, +p,m

« 3x4 matrix transformation only requires 12 multiply-adds,
(orjust9ifp,=1)

Sec. 3.6.5



Motor-Line Transformation

* 54 multiply-adds:
ly=1,+2(0,a+vxa)

In =In+2[0ma+0,, (b+c)+vx(b+c)+mxa]
a=vxl, b=vxl, c=mxl/,

* 6x6 matrix transformation only requires 27 multiply-adds




Motor-Plane Transformation

« 35 multiply-adds:
g =8y +2(0a+vxa)

g;v = 8w +2[(mxgxyz +Qmngyz)°V_va (m'gxyz )]
aZVXngZ

* 4x4 matrix transformation only requires 13 multiply-adds




Motor to Matrix

1-2(05+0%) 20,0, 20:0xc 2(0yOu: —0u:0my )|

Ago| 209 1°2(Qi+0R)  20,0:  2(QnOnm - Qi)

20,.0,. 20,0,.  1-2(05+05) 2(0uOm —0yOu:)

I 0 0 0 1 )
0 2000 2000w 2(QwOne = OO ) |
By | 220 0 20u0u 2(0nCum = Qs Q)

_2QWQVW 2vava 0 2 (vasz - szQmw )
0 0 0 0

MQ =AQ+BQ M(_QIZAQ_BQ




Motor Composition

* 48 multiply-adds:

QVR= (vava + QR + O R,. —O.R,, ) €4
+ (vaRvy —OwRy. + Oy R, + O R,, ) €4
+ (vasz +OuRy — O R +O,-R,, ) €43
+( QR — Qi Rix = Oy Ry — OizR,2 ) 1
+(OmwRux + Omc Ry + Oy Roz = Oz Ry + O Ry + Qe Ry + Oy Rz = Oz Ry ) €23
+ (Qmevy — OBy + Ony Ry + Oz R + Qv Ry — O Rz + Oy Ry + O Ry ) €3
+(OmwRyz + O Ry — Ouy Ry + Oz Ry + Qoo Rz + Oux Ry — Oy R + O1. Ry ) €12
+( QR = O Rix = OmyRiy = Oz Ryz + Qi Ry = Qv Rie = Oy Ry = Oz Rz ) 1

« Composition of equivalent 3x4 matrices requires 33 multiply-adds



Motor and Matrix

Q = va €4t va €4 + sz €43 + va]1 + me €3 + me €31+ sz € + Qmw1

1-2(00 +0%)  2(0u0y —0:0m) 2(00:0u +0On)  2(QyOnz = 0uz0my + PO = Qux O )
2(0u0y +0::00)  1-2(05+0%)  2(040:—0u0n) 2( 00 = 0Oz + 0Oy — QO )

2 (szva - vava ) 2 (vasz + vava ) 1-2 (szx + Q\gy ) 2 (vame - vame + vasz - szQmw )
0 0 0 1




Matrix Advantages

« Can represent more transformations

« Can read off origin and axis directions in transformed space
 Faster to transform objects

» Faster to compose




Motor Advantages

« Smaller storage requirements
« Usually 8 floats, but can reduce to 6

* [nversion is trivial
 Just reverse, negating six bivector components

» Better parameterization

 Better interpolation properties



Transformation

Groups

—

Geometric
° Product

E (n)

Euclidean r 1

——

Complement {M 0

Geometric
Antiproduct

)

M =
Euclidean [ 0 }

E(n)

1

e

/\ = \/

Orthogonal [

O(n)

M
0

- <&

SE (n)
Special R 0
Complement [ }
Euclidean v 1

Y

T(n)

A4

‘\\\ji::i___/‘\\\5:::i__,/“\\\d

SE(n)
Special R 7
Euclidean 0 1

—

¥
T(n)

I 7
Translation !

u'=XvuvX

Horizon fixed

Complement |I 0 SO( n)
Translation r 1
Special R 0
_ Orthogonal 0 1
u'=XAuAX
Origin fixed \
A4
A I(n)
o I 0
entity 0 1
Origin and horizon fixed
- J




Conformal Algebras

« 5D representation space for
3D geometry and motion

* Doubly projective

« Contains round objects:
» Spheres
 Circles
 Dipoles
* Round points

 Points, lines, and planes

are special cases with
Infinite radii




Conformal Exterior Algebra

« 5D algebra modeling 3D geometry and motion

o O O O -

o O O = O

_— e O O O

e -e =+1
e, e, =+I
e;-e; =+1
e_-e_=—1

e_|_ °e_|_ — _I_A



Conformal Exterior Algebra

* |t is convenient to change the basis as follows

oSO O O -

oSO O = O

S O = O O

o O O O

e;==(e_—e,)

e; —=e_+e,

€ € = +1
¢ € = +1]
€3 - €3 =+1]

es-e; =—1



Conformal Basis Elements

Type Grade Basis Elements

Scalar 0 1

Vectors 1 €1, €, €3, €4, €5

Bivectors 2 €41, €42, €43, €23, €31, €12, €159 €254 €355 €45
Trivectors 3 €423, €431, €412, €321, €415, €425, €435, €235, €315, €125
Quadrivectors 4 €1234, €4235, €4315, €4125, €3215
Antiscalar 5 1 =e234s




Special Points

* e, still represents the origin

* e; represents the point at infinity in a stereographic projection




Flat Objects

 Everything from PGA appears in CGA with factor of e;
P=px€i5st py€r5+ p.€35+ Pyy€4ys
l = lvx €415 T lvy €05 T lvz €435 T lmx €235 T lmy €315 + lmz €125

g=g9x€435 - Z,€4315 + Z-€4125 + Z1w€3215




Round Objects

* We also have four new types of round object

« Round points
 Dipoles
 Circles

» Spheres

 Flat points, lines, and planes are special cases of dipoles,
circles, and spheres that include the point at infinity




Round Point

a:pxel+pyez + p,€3 +€4 + €5

a=a.e +a,e,+a,e;+a,es+aq,€s,

Carrier Point Infinity

(whena,=a,=a,=a,=0)




Dipole

d=n,es tn,esn +n,e4 + (Py”z — p:ny )923 + (pznx — PxN; )931 + (pxny — Pylx ) €

2 2
p +r
(

+(P’“)(Pxels T Py€25 + P €35 +e45)— Ny €15 +1,€)5 +nz‘335)

Cocarrier Normal Cocarrier Position

d= dvxe41 + dvye42 + dvze43 + dmxe23 + dmye31 + dmze12 + dperS + dpye25 + dpze35 + dpwe45 .

Carrier Line Flat Point
(when d,=d,=d,=d,=d,, =d,, = O)




Dipole

* Adipole is a one-dimensional sphere

Cocarrier Container




Circle

C=1n,€43 +1N,€431 +1,€412 + (pynz — p:ny ) €415 + ( poiy — Puli; ) €aps5 + (Px”ly — Pyhx ) €435
2 2
p —r (

+(p-n)(pers+ pyess+ p-eps —exp ) - My €y35 + 71, €315 + 71 €155 )

Cocarrier Direction Cocarrier Moment

C=Cg €423 T Cg €431 T Cu; €412 T Cg1y €321 T C1x €415 T Cy, €425 + C), €435 + Cpx €235 + Cppy €315 + Cppp2 €125 -

Carrier Plane Flat Line

(when g =gy =€y, =€y =0)




Circle

A circle is a two-dimensional sphere

Carrier Container

Cocarrier ———




Sphere

S= Px€4235 T Py€4315 T P,€4125 —€1234 — €3215

=+—

Carrier Space Flat Plane
(when s, =0)



Join and Meet

» Objects joined with wedge product
* Intersection calculated with antiwedge product

« Same math as PGA




Join Operation

Tllustration

Dipole containing round points a and b.

anb=(a,.b,—ab,)esy +(a.b, —a,b,)en +(a,b. —a.b,)es
+(ayb. —a.by, ) ey +(a.by —ab, ) ey +(ab, —a,b, ) e,
+(axb, —auby ) eis +(ayb, —aub, ) exs

+(a.b, —a,b, ) ess +(ab, —a,b, )ess

aAb

Line containing flat point p and round point a.
pPAa=(peay, = pudy ) ears +(p-a, — pya. ) exs
+ (pyaw _pway ) €425 +(anz —p-ay ) €315

+(pzaw _pwaz)e435 +(pyax _pxay)eIZS

Circle containing dipole d and round point a.

dAa=(dya.—d.a, +d,a,)en +(da, —da. +d,a,) e
+(dwa, —dya, +dy.ay) ens —(dpay +dppa, +d,.a. ) e
+(dpay —dpa, +da, ) eqs +(dya, —dya, +d,ga, ) exss
+(dpay—dyea, +dya, ) ens +(dpa. —dya, +d,a,)ess

+(dpeay—dpea. +d.a, ) eqs +(dya, —da, +d,.a,) ens

Plane containing line / and round point a.
Ina= (lvzay _lWaZ —lmxaw ) €4235 +(lvxaz —lvzax —lmyaw ) €4315

+ (lvyax _lvxay _lmzaw ) €4125 +(lmxax +lmyay +lmzaz ) €315

Plane containing dipole d and flat point p.
dAp=(dyp: —dy.py +dupw ) €ass

+ (dvsz —dp: +dyy Py ) €4315

+ (dvxpy ~dyypx+dp:py ) €4125

- (dmxpx +duypy +d:p: ) €315

Sphere containing circle ¢ and round point a.
CAA=—(Coully +Coylly +Coal +Copylly ) €1234
+ (i) = Copltz + Cory — Coy ) €4235
+ (cvxaz —Cpay t+ Coydy —Cpyy ) €4315
+(Cpay —Cway +Coly —Cuzay, ) €a125

+ (Conlx + Copy + Cpras + oty ) €3215

Sphere containing dipoles d and f.

AAf=—(dp fo + Aoy fory + oz fnz + Ao frx + oy fry + oz frz ) €234
+ (dvyfpz _dvzfpy +dpzfvy _dpyfvz +dmxfpw +dpwfmx ) €4235
+ (dvzfpx ~d o fp: +d i fro —d e frx iy o +dp fry ) €4315
+ (dvxfpy —dyy fox +dpy frx —dpe foy + iz fru +d iy [ ) €125
(s fow oy fpy + Aoz oz + A e+ py frny + iz fonz ) €3215




Meet Operation

Tllustration

Circle where spheres s and t intersect.
SVt = (5,0, =538, ) €ans +(Suly — 5,0, ) €431
+(Sulz =821, ) €a12 +(Suby — Sty ) €321
(520, —5yt. ) ears +(Sut — 5200 ) €45 + (8,0 — 54ty ) €435

+(Sxtw _Swtx)e235 +(Sytw _Swty)eSIS +(Sztw —Syl: )eIZS

Meet Operation

Tllustration

Circle where sphere s and plane g intersect.

SVE=5,8x€43 +Sugye431 +5,8-€4120 +5,80€321

+ (Szgy _sygz)e415 +(5:8: —5:8x ) €as +(Sygx _ngy)e435

+ (558w —Sugx ) €235 +(Sygw —Swgy)e315 +(5:8w —5wg: ) €125

Round point contained by circles ¢ and o.

cvo= (ngomy —CgyOmz T CpyOgz — Cpz0gy + Cix0gy + g gOrx ) €
+(CoxOmz = Cgz0mx + CnzOgy — CixOgz + CryOgyy + EOsy ) €2
+(CqyOme = CexOmy + CixOgy — CiyOgr + Cr:0gry + ZwOrz ) €3
—(CaxOu +Cgy0sy +Cgz0yz + CrxOgy +Cry0gy + 1204, ) €4

— (CoOux + CinyOyy + Cz0yz + CoxOy + CoyOpyy + €120z ) €5

%

Line where planes g and h intersect.

gVh=(g:h, —gh.)eqs +(gehy — guhi) exss
+(geh. —g.hy ) ews +(g hy —guhy ) €sis
+(gyhe —guhy ) eass +( gl — guwh: ) ens

[
<
=

Round point centered on line / and contained by circle c.
eVI=(celuy —Colm +Coulix ) €1+ (Corlmz = Cel +Coilyy ) €2
+(Cgplme —Coilmy +cquli: ) €3 = (culue +co by + ¢l ) €4

—(Conlux + Cuplyy + ozl + Conl + Coply + Cozliz ) €5

Dipole where sphere s and circle ¢ intersect.

SVE=(8,Cq —8:Cqp +SuCux ) €41 +(S1Cax = $xCow + SuCmy ) €23
+ (820 —SxCqr +5uCyy ) €22 +(SuCqp — S, Cow + SuCrmy ) €31
+(82Cgp =8y Cax +84Crz ) €43 +(S1Cqr — 8:Cq + SuCz ) €12
+(8:Cmy = SyCmz +81Cux ) €15+ (S2Cpz — S2Cmy +8Cyy ) €25

+ (sycmx ~S5xCmy +8yCyz ) €35 _(chvx +Syva +5:C; ) €45

Round point contained by sphere s and dipole d.
sV =(s,dy. —5.dpmy —Sudy +5,d ) €
+ (82 mx = Sxdye = Syudyy +5ud ) €2
+(5xdmy =5y de —Sdyz +5,d . ) €
+(82dyy + Sy +52dy, +5,d ) €4
— (82 +5,d py +5.d p; +5,,d ) €5

cvo
d S cvl
svd
\.
d

Dipole where plane g and circle ¢ intersect.
gVe=(gyCe —g:Cy ) €ar +(QuCor — LrCan ) €23
+(82Cq — 8xCar ) 0 +(ZuCay — ZyCan ) €31
+(8:Ce —81Cer ) a3 +( Qe — 8:Con ) €12
+ (80 = &yCrmz + GuCux ) €15 +(&xCoz — G:Cme + &uCry ) €25

+ (gycmx —&xCmy + 8wl )335 _(gxcvx + &yCuwy +8:Cy ) €45

Round point centered in plane g and contained by dipole d.
gVd=(gydy: —g:duy —gudx ) &

+(gelpn = gull: —gudyy ) €

+(&elmy = &y — 80l ) €

+(gudw +gydyy +d.d,. ) €y

_(gxdpx +8,dpy +g.dy. +gud ) s

Dipole where sphere s and line / intersect.
sVI=s,leq +s.lyes + sl €43
+ Sulmx €23 + Syl €31 + Syl €12
+(Soluy =Syl + 8wl ) €15 +(Sxlyz = S2le + 5,0y ) €25

+(Sylue = Sxlyy +5ylz ) €35 = (Sl + 5,0, + 521, ) €45

Round point centered at flat point p and contained by sphere s.

SVp =S8, Px €1 +Supye2 +Supze3 +Supwe4

_(Sxpx +Sypy +58.p- +Swa)es

Flat point where plane g and line / intersect.
g Vl = (gzlmy - gylmz + gwlvx ) €5 +(gxlmz - gzlmx + gwlvy ) €5
+ (gylmx - gxlmy + gwlvz ) €35 _(gxlvx + gylvy + gzlvz ) €45




Weight Expansion

* Weight expansion calculates geometry containing one object
which is orthogonal to another object

« Same math as PGA

* Projections travel along spheres, however
* There are no ellipsoidal shapes in CGA




Expansion Operation

Tllustration

Dipole containing round point a and orthogonal to sphere s.
AnS™ = (a,s, +a,s, ) eq +(a,s. —a.s, ) ex

+(ays, +ay,s, ) en +(a-s, —a.s.)es

+ (a5, +ays; ) eqs +(axs, —ays, )epn

—(aysy +ays,)eis—(ays, +a,s,) e

- (azsw + a,s; ) €35 +(ausu —aySy ) €45

Pl
)/

Expansion Operation

Tllustration

Sphere containing circle ¢ and orthogonal to sphere s.
g —
CAST = (CauSy —CgeSy —CqySy —CgiS2 ) €1234
+ (cvzsy _cvysz + CmxSu _ngsw ) €4235
+ (cvxsz —Cy:Sx + CimySu —CgySw ) €4315
+(CopSy = CoxSy + CpzSy — CgSiy ) €a125

+ (CoeSx + Coy Sy + CpeS2 = CaSiy ) €3215

O

Dipole containing round point a and orthogonal to plane g. Sphere containing circle ¢ and orthogonal to plane g.

C/\g*: —(Can8x +Cey8y +Cg28: ) €134
+(Cvzgy_cvygz_chgw)e4235 . c/\g’*
+(Cvxgz —Cy:8x _nggw)e43li
+ (ngx “Cn8y —Cg8w ) €4125

+ (megx + Cmy&y tCn gz~ Cow8w ) €3215

ang”=a,g ey +(a,g.—a.g,)exn
+a,gyeqn +(a:-g.—a.g:)es
+a,g-es +(axgy _aygx)elz :
—(a:gw+a.g.)eis —(a,gw +a,g8, ) ess .
—(a.gw+a,g:)ess —a,gyess Pang®

Plane containing line / and orthogonal to sphere s.

Circle containing dipole d and orthogonal to sphere s.
dA S* = (dvysz - dvzsy - dmxsu ) €423 +(dvzsx - dvxsz _dmysu ) €431
+ (dvxsy - dvysx - dmzsu ) €412 _(dmxsx + dmysy + dmzsz ) €31

- (dvxsw + dpwsx + dpxsu ) €415 + (dpzsy - dpysz - dm\'sw ) €235

—(dwysw+dpusy +d s, ) eqs +(d s, —d Sy —ds, ) €315

- (dvzsw +dpwsz + dpzsu )9435 +(dpysx _dpxsy _dmzsw ) €125

LA g\:}: (lvzgy _lvygz )e4235 +(lvxgz _lvzgx )e4315
Circle containing dipole d and orthogonal to plane g.
d/\gﬁz(dvygz_dvzgy)eztB +(dvzgx_dvxgz)e43l A
+ (dvxgy _dvygx ) €412 _(dmxgx + dmygy +dngz )e321

_(dvxgw +dpng)e415 +(dngy _dpygz _dmxgw)e235

_(d\/ygw +dpwgy )e425 +(dpxgz _dngx _dmygw)eSIS

Circle containing round point a and orthogonal to circle c.
- (dvzgw + dpwgz ) €435 + (dpygx - dpxgy - dngw ) €125

%
ANCT=(a,Cq —aCqp —AyCox ) €423 +(AsCar — AxCor — A0y ) €431

Line containing flat point p and orthogonal to sphere s.

pAs*= —(PwSy + Pxsu ) ea1s +( P25y — pys: ) exss
—(PwSy +DySu ) €ans +(Pesz — p2si ) €315
—(pwS: + P-Sy ) €a3s + (pysx — DxSy )3125

Circle containing round point a and orthogonal to line /.

Line containing flat point p and orthogonal to plane g. anl™=—a,l, e — aylyy €431 —ayly: €412

dag”
+(asCy —a,Co — a0y ) €any + (a0, + 4,0, +azc,. ) €32
P

_(axcgw +a,Cpx + AyCox ) €415 + (azcmy —ayCpz — 4y Cyx ) €235
—(ayCqw + ACmy + AuCgy ) €425 +(AxCrz — A2Coy — A, Cyy ) €315

Yo
PASs —(@2Cqy + AyCrz + Ay Cyz ) €435 +( Ay Copy — AxCrry — @€z ) €125

rg*

pPAg =—p.giens +(p:g, — p,g:)ens +(adu +ayly +a:l: ) ey

— Pw8yeas +(pig: — p:-8:) €35
— Pwg:€us +(Pygx — Px8y) €125

o

Ins™ = (lszy =Ly Sz + LSy )94235 +(lvxsz —lyz8y + 1S, )94315 \
+(LySy = LSy + 128, ) €125 + LSy + LoySy + 1282 ) €3015
‘ IA Sﬁ \
dAs™

Plane containing line / and orthogonal to plane g.

.

p

- awlmxe415 +(azlmy _aylmz _aulvx ) €235
- awlmy €425 +(axlmz _azlmx _aulvy )e315

- awlmz €435 +(aylmx - axlmy - aulvz ) €125

+ (lvygx _lvxgy ) €4125 +(lmxgx +lmygy +lngz ) €3215
g
g

i




Expansion Operation

Tllustration

Plane containing flat point p and orthogonal to circle c.
pPA = (Pngz = P:Cgy — PuCix ) €4235

+ (pzch — PxCgqz — PwCiy ) €4315

+(PxCor = PyCox = PuCiz ) @412

+ (Pl + pyCiy + peciz ) €315

Plane containing flat point p and orthogonal to line /.
PAL == p,l,esms — Duly€ssis — Pulyz €4125

+ (pxlvx +pylvy +pzlvz )93215

Sphere containing dipole d and orthogonal to circle c.

dAcT= (dVXCVX +dyCy +dCr + Ao+ duyCoy +dpzCy ) Ci234
+(dveCmy =y Cos = d pCo +d pyCor —d oCy + diCory ) €235
+ (duxCms —deCoe —d puCoy +d o Cor = d i Co + diyCary ) €315
+(dyyCnx = dixCiy —d pCyz + d pxCay — d pyCox + dizCany ) €a125

+(d o +d 0y +d poCrn + Ao Cone + iy Cry + Ao Crz ) €3215

Sphere containing dipole d and orthogonal to line /.
AT = (ol +d oyl +d,2L ) €12
+ (dvzlmy —d by —d il ) €4235
+ (dvxlmz —d Ly —dpl,, )94315
+(dyplue — Ay —d b,z ) €4125
+(dpeby +d by +d ol + dyele + Ly + Aozl ) €3215

Sphere containing round point a and orthogonal to dipole d.
and*=(a,d, +a,d, +a.d, —a.d,,) e

+(a.dyy —aydy; +ayd e — ayd,y ) 4235

+(axdyp: —a.d +ayd,, —a,d,y, ) essis

+(aydp —axd,y, +ayd,, —a,d,; ) esns

+ (audpw 7axdpx 7aydpy 7azdpz)e3215

Sphere containing round point a and centered at flat point p.
o
AANP =—aypywei3a +AywPrCa3s + Ay Py€a3is +ay Pz 4125

+(aupw —axpPx—aypy—a:p: )63215




Dot Products

Dot product between two spheres is product of radii multiplied
by cosine of angle between tangent planes where they intersect

Law of cosines

Xs

2 2 2
Vio=r{ +ry —2nmr COS Yy

2 2 2
s-t:%(v — i —rz):—rlrz COS Y = 1175 COS ¢




Conformal Motions

» All motions of PGA transfer to CGA with factor of e

 General screw motion:

Q — vae415 + va €405 + sz €435 + va]1 + me €35 + me €315 T sz €25 + Qmw €s

 General rotoreflection:

F=F,es+tF,es+F, e+, e+ Fyeiss+ Fyeass + Fo €05 + Fg €305




Conformal Motions

Real Circle / Elliptic Rotation Flat Line / Rotation Real Circle + Line Line or Point in Horizon + Line
R=csin¢+1cos¢ R=1Isin¢g+1cos¢ Twisted Elliptic Rotation Twisted Rotation / Screw Motion

(
- A - :

Imaginary Circle / Hyperbolic Rotation Dual Flat Point / Dilation Imaginary Circle + Line Line or Point in Horizon /Translation
R = ¢sinh ¢ +1 cosh ¢ D- 1— T p* +1 Twisted Hyperbolic Rotation T=v*+1
+0




Conformal Motions

» Operators are equivalent to 5 x 5 matrices
« Simple translation example:

T= Ty €235 T7,€315 T T,€125 + 1

o o O =

t=21

_e O O O




Translation

« Computation gets
somewhat absurd

 Would be easier to
store object as
center, radius,
attitude

 Rebuild CGA form
as needed

Type Translation Formula
Flat point p TVvpVT=(p.+2t.:py)eis +(py +27,p ) €25 +( Pz +27.py, ) €35 + Py s
TVIVT =1, e45+1,,epns +1, €45 +[lmx +2(Tylvz -.l,, )] €35
Linel
e Iy +2 (2l = 7ulsz )] €315 + [l +2 (2ulyy — 70 )] €125
Plane g TVvgVT=g,esmss+g €s15+g-€4105 +(Zw =27 8y ) €3015

Round point a

TvavT=(a,+2t.a,)e +(a,+27,a,)er+(a. +27.a,)e;+a,e,

+(au +27-a,, +212aw ) e;s

T\'/d\'/'I = dvxe41 +dwe42 +dvz €43 +[dmx +2(Tydvz _Tzdvy )] €73
+[dny +2(7.d —1.d,. )] €31 +[de +2(7:d,y —7,d, )] €12

+[dp +2(7,dp: —T.dpy +7.dpy +21,7-d, —77d, )] €55

Dipole d 2
+[dy +2(1.dpy — 1y, +7,dp, + 27,7 -dy —T7d,, )] €25
+[d). +2(1.dyy —7ydpy +7.d , + 27,7 -d, —7%d,, )] ess
+(dpw +2‘r-dv)e45
Tvev I = Cgx €423 T Cgy €431 T Cy €412
+ (ng -2t *Coyyz )e321 +[Cvx +2 (‘[ngz —T,Cgy )]e415
+[ew +2(7.00 —TxCq )] €425 +[ €1 +2(T2Cgp —T1Cor )] €435
Circle ¢ 2
FCm +2(T)C —T2Cp = Tl +2T,T *Cgrye — T Cor )| €235
[y +2(T2Co = T1Ch = TyCo +2T,T €y — T Cyy )] €315
+[eme +2(TeCy — TyCox = ToCayp + 27T € =Ty )] €125
T\'/S\'/T = 5,€1234 +(Sx _2szu )64235 +(Sy —ZTySu )64315 +(Sz —2TZSM )64125
Sphere s

+ (SW -2t Sz +2‘L'2Su )e3215




Sphere Inversion

* In CGA, reflections across planes generalize to
reflections through spheres

A

(d) (©)

O,




Sphere Inversion

- For sphere of radius r centered at (m,,m,,m, ),
points are transformed by

rt —2m? —2mym, —2m,m, (m
—2m,m,, 7 —2m§ —2m,m, (m
—2m,.m, —2my,m, re— 2mz2 (m
—2m, —2m,, —2m,
() me (), (w7




Dilation

 Translation results from reflections across two parallel planes
 This generalizes to reflections through two concentric spheres
» Result is a dilation about the center of the spheres




Dilation

- Operator that dilates by factor o-about center (m,,m,,m, )

I-0 l+o
D=T(mxez35 +my €315 +Mm; €75 —3321)"'7]1

I o 0 0 (1-0)m, 0 |
0 o 0 (1-0)m, 0
0 o (I-oc)m, 0
0 0 0 1 0

o(l1-0)m, oc(1-0)m, o(l-o)m, +(1-0)’m*> o°



Type Dilation Formula

D\'/p\'/])z[asz+o-(1—a)mxpw]e15 +[0'2py +o(l—o)m,p,]ess

| | !
Flat point
D I Iatlon P +[o?p-+0(1=0)m.p,]ess +0pyeus

D\'/l\'/D =o0l,ey4; +alwe425 +0l,, €45

+[0% L+ (1=0)(m,l,. —m_l,, )] exs

Line /
+[0%y +0 (1=0) (m.ly —m,l,.)]ess
+[0%1e +0 (1=0) (ml,, —m, 1, )]s
DvgvD=0g.esss+0g,€s315 +0g 4125
Plane g

+[02gw _U(I_J)m'gxyz]eSZIS

DvavD=(ca,+(l1-0)m.a,)e +(ca, +(1-c)m,a, )e,
Round point a +(oa.+(1-0)m.a, )e; +a,e,

+[U2au +o(l-o)m-a,, +%(1—a)2 m2aw]e5

DVdVD = dvxe41 +dvye42 +dvze43 +[O'dmx +(1—0')(mydvz —mde )]623
+[od,, +(1-0)(m.d,x —m.d,. )] es +[od,. +(1-0)(m.d,, —m,d,, )] e
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+[oc, +(1—0) (m.ce —mycy. )] eas +[oc,, +(1—0) (mecy —mycg )] €ass
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